MISCELLANEOUS 

TRACTS 


O N 

Some curious, and very interefting Subjects 

I N 

Mechanics, Physical-Astronomy, and Specula¬ 
tive Mathematics; 

wherein. 

The Preceffion of the Equinox, the Nutation of the 
Earth’s Axis, and the Motion of the Moon in her 
Orbit, are determined. 


By THOMAS SIMPSON, F. R. S. 

And 

Member of the Royal Academy of Sciences at Stockholm. 


LONDON, 

tinted for J* Nourse over-againft Kathcrine-Jlreet in the Strand. 
MDCCLVIL 
















TO THE 


RIGHT HONOURABLE 

THE EARL OF 

MACCLESFIELD, &c. 

President of the Royal Society. 


My Lord, 

TTTHATEVER Luftre, to the pub- 
VV l‘ c Eye, Works of Learning may 
derive from the Patronage of the Great, it is 
to your Lordfhip’s perfonal Acquirements, 
and extenfive Knowledge in the Mathemati¬ 
cal Sciences, that my Ambition of defiring 
leave to prefix your Name to this Perform- 
a nce, is to be imputed: And indeed. My Lord, 
a n Author’s natural Partiality permits me not 
to hope, or wilh, that any thing thefe fheets 
contain, will meet with a more general Ap¬ 
probation, than what is due to the Propri¬ 
ety of their being infcribed to the Earl of 
Macclesfield. 


Were 



DEDICATION. 

Were your Character, My Lord, lefs 
confpicuous and didinguiffi’d, the Obligati¬ 
ons I have to your Lordlhip’s Goodnefs, 
would, alone, be Motives fufficient to make 
me gladly embrace this Opportunity of pub¬ 
licly expreffing my warmed Gratitude, and 
of tedifying the perfect Edeem, and pro- 
founded Deference, with which I am. 


My Lord, 

Your Lordffiip’s 
mod Obliged, 
and ever Obedient 
Humble Servant 


Thomas Simplon* 



PREFACE. 

< J~ 3 HE Tracts, or Papers compofmg the Work here offered to 
the Pubhck, were drawn up at fever al, dijiant times, and upon 
different occapons ; either , with a view to clear up , orfettle fome dif¬ 
ficult or controverted point in Aftronomy, to fhew the conformity of 
Theory with Obfervations; or to extend and facilitate the analytic- 
method of computation , by fome improvements and applications, that 
have not at all, or but/lightly, been touched upon, at leaft by any Eng- 
lifh Author. 

The fir ft ofthefe Papers, which is one of the mofl confiderable in the 
'whole work, is concerned in determining the Precefiion of the Equinox, 
and the various inequalities thereof, with the different motions of nu¬ 
tation of the Earth's Axis, arifingfrom the at t radii on of the fun and 
noon ; wherein the late important difcovery of Dr. Bradley, relating 
to an apparent motion of the Fix’d Stars, unknown to former Aftrono- 
^ers, is Jhewn to be intirely confiftent with the Theory of Gravitation. 

' This piece was drawn up about five years ago, in confequence of 
another on the fame fubjedi, by M. Silvabelle (a French Gentleman) 
then delivered to me, for my opinion, finceprinted in the Philofophical 
Tran factions.— Tho' I have particular reafonsfor mentioning this cir- 
oumfiance, I would not be thought to infinuate here, that my opinion had 
any weight with Thofe to whom the publication of that paper was owing: 

have* indeed, no reafon to believe it. -— Tho' the author thereof had gone 
t / ou gh one part of the fubjedi with fuccefs and perfpicuity, and though 
* s conclufions were found perfedily conformable to Dr. Bradley \r obfcr¬ 
eations, He neyerthelefs appeared (andfill appears) tome: to have 
Neatly failed m a very material, and indeed the only very difficult 
P art , that is, in the determination of the momentary alteration of 
x/ P°fition of the earth's axis, caufed by the forces of the Sun and 
,0°; of which forces, the quantities, but not the effedls. are 
tru h invefligated. 

e ^e Second Paper, contains the invefiigation of an eafy, and very 
xadt method, or rule , for finding the place of a Planet in its Orbit, 
t °! n corredlion of Dr. Ward’j circular hypothefis-, by means of cer- 
^Equations applied to the motion about tbeutjper focus of the ellip- 
\ ' Fr . om whence that table of Dr. HalleyV, entitled, Tabula pro 
pediendo calculo /Equationis centri Lunae, may be very readily con- 

Jlrudlcd. 
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flrubied.—By this method, the refult, even in the orbit (^Mercury, may 
be found within a fecond of the truth, without repeating the operation. 

The Third, Jhews the manner of transferring the motion of a Co¬ 
met from a parabolic, to an elliptic Orbit; being of great ufe, when 
the obferved Places of a (new) Compare found to differfenfiblyfrom 
thofe computed on the hypothecs of a parabolic orbit. 

The Fourth, is an attempt to Jhew, from mathematical principles, 
the advantage arifing by taking the mean of a number of objecti¬ 
ons, in practical Aftronomy; wherein the odds that the refult, this 
way, is more exaft, than from oneJingle obfervation, is evinced, and 
the utility of the method in prattice, clearly made to appear .— A part of 
this, and of the ytb paper, is inferted in^ the xl ix volume of the Philofo- 
phical Tranfadions; but the farther improvements here added, will (I 
hope) be afufficient apologyfor my printing the whole again, in this work- 

The Fifth, contains the determination of certain Fluents, and the 
refolution ofj'ome very ufeful Equations, in the higher orders of fluxions,^ 
by means of the meafures of angles and ratios, and the right fines, and 
verfed fines of circular arcs. 

The Sixth, treats of the refolution of algebraical equations, by tPf 

method of furd-divifor s-, wherein the grounds of that,method, as laid 
down by Sir Ifaac Newton, are invejligated and explained. 

The Seventh, exhibits the invefiigation of a general rule for tP 
refolution of Ifoperimetrical Problems of all orders , together with 
fome examples of the ufe and application of the faid rule. 

The Eighth (and laft) Part, comprehends the refolution of fomege¬ 
neral, and very interefling problems, in mechanic* and phyfical 
nomy ; wherein, among other particulars, the principal parts of f 
third, and ninth fedions of the hrft Book of Sir Ifaac Newton’s 
cipia,are demonfirated, in a new, and very concife manner.—Bat wWr 
I apprehend, may beft recommend this part of the work, ts the apP llC j f 
tion of the general equations therein derived, to the determination of w 
lunar Orbit: In which I have exerted my utmofi endeavours to rend 
the whole intelligible even to Thofe who have arrived but to a tolerao 


proficiency in the higher geometry. 

The greater part of what is here delivered on thisJubjeB,was ara • 
up in the year 1750, agreeably to what is intimated at the conclufon^ 
my Dodrine of Fluxions, where the general equations are al/ogiv1 • 
The famous objection, about that time made to Sir Ifaac Ne ^ t0 "/^ ut , 
ral Law oj Gravitation , by that eminent mathematician M. uai • 
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of the Royal Academy of Sciences at Pa r is, was a motive fufficient to 
induce me (among many Others) to endeavour to difcover, whether the 
motion of the moon's apogee, on which that objeClion had its whole weight 
Q ndfoundation, could not be truly accountedfor, without Juppofing a 
change in the received law of gravitation, from the inverfe ratio oj the 
fquares of the diflances. ‘TheJ'uccefs was anfwerable to my hopes, andfuch 
a * induced me to lookfarther into other parts of the theory of the moons 
motion, than Ifrjl intended: but, before I had completed my defign, I 
received the honour of a vifit from M. Clairaut (juft then arrived in 
England) of whom 1 learned, that he had a little before printed a piece 
on thatfubjeCl ; a copy of which I afterwards received, as a prefent at 
his hands, wherein I found mo ft of the fame things demonftrated, beftdes 
Several others, to which I had not then extended my enquiry. Upon this, 
T at that time deffted from a farther profecution of the fubjeCl; being 
chiefly diverted therefrom by a call then jubfijling for a new edition of 
another work , in whichJ'ome additions feemed wanting. But I cannot 
emit to obferve here, injufticeto M. Clairaut, that, tho y he indeed fell 
into a miftake, by too haflily inferring a defeCl in the received law of at- 
tr aCl ion, from the infufficiency ofthe known methods for determining the 
cffeEl of that attraction, in the motion of the moons apogee, yet he was 
™* m f e {f\ thefir ft who difeovered the true Jource, of that miftake,and who 
placed the ?natter in a proper light: ‘Though there are fome * who 
have, both before and fmee, undertaken to give the true quantity of that 
Motion, from fuch principles, only , as are laid down in the ninth fed ion of 
thefirfl Book of the Principia: but that thefe Gentlemen, however they 
7n ay have made their numbers to agree, have been greatly deceived in their 
Ca lculations, is very certain \ fence a confiderable part of the faid motion 
fpends on that part of the folar force atting in the direction perpendicu - 
ar to the Radius-vedor, which is by them, either intirely difregarded, 
0r the ejfeEt thereof not made one twentieth part of what it really ought 
to be.—There are Others indeed, who have explained the matter, upon 
tr ue principles, and with better J'uccefs. Since M. Clairaut’i piece firft 
7n °de its appearance, the moft eminent mathematicians, in different parts 
^/Europe, have turned their thoughts that way. But tho * what I now 
on the fame fubjeCl, may, per haps, appear of lefs value , after what 
as been already done by thefe great men, yet I am not very felicitous 
u P°n that account, as it will be found, that I have neither copied from 


* Vid. IValmjley s Theorie du imuvement des apftdes (tranflated into Englilh) and 
47> N° 11 . of the Philofophical Tranfaftions. their 
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their thoughts, nor detracted from their merit. 77 ->f? facility of the me¬ 
thod I have fallen upon, will, Iflatter myfelf, be allowed by all , who are 
appriz'd ofthe real difficulty of the fubjeB-, and the extenfivenefs thereof 
will, infome meafure, appear from this,that\t not only determines the 
motion of the apogee in the fame manner, andwithtbeJame eafe, astbe 
other equations, but utterly excludes, at the fame time, all terms of that 
dangerous fpecies (if I may fo exprefs my felf) that ham hitherto embar- 
rafiedthe greatefi Mathematicians, and that would, after a great.num¬ 
ber of revolutions, intirely change the figure of the orbit. It thereby 
appears, that all the terms, or equations in general, will be exprefietl 
by fines and co-fines, barely, without any multiplication into the arcs 
correfponding. From whence this important confequence is derived, 
that the mean motion, and the great eft quantities of thefeveral equations 
will remain unchanged-, unlefs difiurbed by the intervention of Jontie 
foreign, or accidental caufe. 

In treating of this fubjeB, as well as in moft of the other parts of the 
enfuing work, I have chiefly adhered to the analytic method of Inves¬ 
tigation, as being the mofi direB and extenfive, and befi adapted to thef 
abfirufe kinds of (peculations. IVhere a geometrical demonftration could 
be introduced, andfeemedpreferable, I have given one: but, tho' a pro- 

blemjometimes, by thislafi method, acquires a degree of perjpicuity and 

elegance, not eafy to be arrived at any other way, yet 1 cannot be of the 
opinion ofFhofe who affeBto jhew a difliketo every thing performed ^ 
means o/'fymbols and an algebraical Procefs; fince,fofar is the lyf' 
thetic method from having the advantage in all cafes, that there at 
innumerable enquiries into nature, as well as in abflraBedfcience, whey 
it cannot be at all applied, to any purpofe. Sir Ifaac Newton kimfid 
(who perhaps extended it as far as any man could) has even tn the nioj 
fimple cafe of the lunar orbit (Princip. B. 3. prop. 28J been obliged tocf 
in the affiance of algebra; which he has alfo done, in treating oft’ 
motion of bodies in refifing mediums, and in various other places. a 
it appears clear to me, that, it is by a diligent cultivation of the 
dern Analyfis, that Foreign Mathematicians have, of late, been aye 
pufh their Refearches/irtAer, in many particulars, than Sir Ifaac N e 
ton andhis Followers here, have done: tho’ it mufi be allowed, on 
other hand, that thefame Neatnefs, and Accuracy of Demonftratio > 
not every-where to be found in thofe Authors; owing infome "’ey ’ 
perhaps, to too great a difregardfor the Geometry of the Antien ^ 
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A 

DETERMINATION 

OF THE 

PRECESSION OF THE EQUINOX, 
And the different Motions of the Earth’s Axis, 
Arifing from the Attraction of the Sun and Moon. 



JHE Precession of the Equinox , whereby the fix’d 
£ i A ftars appear to have changed their places by more 
0308(5 than a whole fgn, fince the time of the moft ancient 
AjlronomerSy is phyfically accounted for, from the at¬ 
traction of the fun and moon on the protuberant matter about 
the earth’s equator ; whereby the pofition of the faid equator 
with refpeCt to the plane of the ecliptic is fubjedted to a per¬ 
petual variation. Were the earth to be perfectly fpherical and 
of an uniform denfity, no change in the pofition of the terre- 
ftrial equator could be produced, from the attraction of any re¬ 
mote body; becaufe the force of each particle of matter in the 
earth, to turn the whole earth about its center, in confequence 
of fuch attraction, would then be exaCtly counterbalanced by 
a n equal, and contrary force. But as the earth, by reafon of 
the centrifugal force of the parts thereof, arifing from the di- 
nrnal rotation, muft, to preferve an equilibriwriy put on an ob¬ 
late figure, and rife higher about the equatoreal parts than at 
the poles, the aCtion of the fun on the faid equatoreal parts will 
have an effeCt to make the plane of the terreflrial equator to 
coincide with that of the ecliptic: which would actually be 
B brought 
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brought to pafs (negledting other caufes) was the fun, or earth, 
to remain fix’d in either of the [olflices, and the diurnal rotation 
at the fame time to ceafe. But, though both the motions of 
the earth contribute to prevent an effedt of that fort, yet, in 
confequence of this adtion of the fun, a new motion of rotati¬ 
on, about that diameter of the equator lying in the circle of the 
fun’s declination, is produced ; from which the precefiion of 
the equinox and the nutation of the earth’s axis have their rife. 

The effect of the moon, as it is much more confiderable than 
that of the fun, fo is it likewife liable to fome inequalities to 
which that of the fun is not fubjedt. Were the inclination of 
the lunar orbit to the plane of the equator to remain, always, 
nearly the fame, like that of the earth, the fame calculations 
that anfwer’d in the one cafe would alfo anfwer in the other; 
but that inclination is continually varying, and, when the 
afcending node is in the beginning of Aries , is greater by above 
qth part than the mean value j and therefore, as the force of 
the moon to turn the earth about its center (other circum- 
ftances remaining the fame) is found, hereafter, to be as the 
fine of the double of the inclination, it is manifeft, that, in the 
faid pofition of the node, the motion of precefiion will go on 
much quicker than at the mean rate ; and confequently that 
an equation, depending on the place of the node, will necefiarily 
arife. The’ determination of which, as well as of the o’hef 
motions of precefiion and nutation arifing from the attraction 
both of the fun and moon, I fiiall now proceed to (hew: but 
in order to pave the way thereto, it will be proper to begin 
with premifing the fubfequent Lemmas .. 

LEMMA I. 

Si/ppofmg all the particles of a given fpheroid KPdpO to he 
filiated parallel to the axis P p, by forces proportional to the dt- 
Jlances from a plane YAOpa pajfng by the Jaid axis , in fuch fort 
that the two oppofite femi-Jpheroids , A'P p, dPp , may thereby be 
equally urged in contrary dir eft ions ; it is propofed to determine 
the whole ejfeft of all the forces to turn the Jpheroid about its 
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r a = femi-diam. OA' (perpend, to the plane PAO pci). Fig. 1 
•r I Az= area of the eilipfe PAO pa, 
e I y = force acting on a particle at the remoteft point A', 

L x = ON, the did. of any fedion DQNEQfrom PAO pa : 
Then, this fedion being alfo an eilipfe, fimilar to PA pa, we 
fliall have, by the property of the ellipfis, as AO (aa) : A'O* 

— ON z (tftf — xx) PO l : DN* : : the area PAO pa ( A ) to 

the area DQNEQ^== A x — ~ff (by the property of fimilar 

figures). Hence it is evident that A x — ~ *? x — x y will be 
° ' aa a 

the fum of all the forces whereby the particles in the eilipfe 

OQEQjtre urged parallel to the axis Vp of the fpheroid; 

which quantity, drawn into (x) the length of the lever ON, 

will, confcquently, exprefs the effed of all the faid forces to 

turn the ipheroid about its center : and io the fluent of 

A x aa x — x xx x y, which is A x ^ x y (when x = a) 

aa a 1 5 

Will truly exprefs one half of the quantity foUght. 


COROLLARY. 


If the mafs, or content of the fpheroid, which is A x 2 a x 


2 



be denoted by S ; then the force A x yy x y , whereby the 

fpheroid tends to turn about its center, will be truly defined 
by |S x a x y, which therefore is juft jth part of what it 
^ould be, if all the particles were to ad at the diftance of 
tbe remoteft point A'. 


LEMMA II. 

Suppofe a body to revolve in the circumference of a circle AFaF, Fig. 2 
tvhiljl the circle itfelf turns uniformly about one of its diameters 
Af, as an axis , with a very flow motion ; it is propofed to deter - 
mt uc the law of the force , acting on the body in a direction per¬ 
pendicular to the plane of the circle, necejfary to the continuation of 
9 motion thus compounded . 


B 2 


Let 
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Fig. 2. Let AFtfF and hfafhe, two portions of the circle, indefinitely' 
near to each other, and let R and r be the two correfpond- 
ing pofitions of the body j let alfo the planes RD// and mdc be 
perpendicular to AFzzF and to the axis AO a in which planes 
let there be drawn R« and mvc perpendicular to DR and dm, 
meeting the plane A raf (produced out) in n and c ; and let 
there be drawn nv, parallel to the tangent R tm, meeting 711c in 
v. If the velocity of the body along the circumference be ex- 
prefied by R//z, the velocity in the perpendicular direction Ry> 
arifing from the motion of the circle about the axis A a, will 
be reprefented by R/z. And, if the body were to be fuffered 
to purfue its own direction from the point R, it would, by the 
compofition of thofe motions, arrive at the oppofite angle v of 
the parallelogram R/z'u/zz, in the fame time that it might move 
through R m by the motion R//z alone s and fo would fall fhort 
of the plane by the diftance cv * It therefore appears that the 
required force, necefiary to keep the body in the plane, muft 
be fuch as is fufficient to caufe a body to move over the diftance 
cv in the aforefaid time s and that this force mull, therefore, 
be to the centrifugal force of the body in the circumference 
(whofe meafure is et) as cv to et ; fince the fpaces deferibed in 
equal times, are diredtly as the accelerating forces. 

Let now the ratio of the angular celerity of the circle about 
its axis to that of the body in the circumference, be fuppofed as 
r to unity \ then, the latter of thefe celerities being reprefented 
by R m, the former will be defined by r x R m \ and confer 
' DR 

quently the celerity (R n) in the dire&ion R n, by rxRm x ^ 

Moreover, becaufe of the fimilarity of the triangles DR;/ and 
dmc , it will be, as DR : R/z (rxR^X^) :: dm(f>R-\-srn) 
: me = rx R/ ”* D - + r X from whence, taking away 

Or 1 Or 

the value of mv or Rw, we get cv = r x • which is 

* The lineola cr , lying in the plane of the circle, muft be anfwered by 
a force tending to the center of the circles with which we have nothing to 
do in the prefent confideration. . 



5 


and the different Motions of the Earth's Axis . 

in proportion to the meafure of the centrifugal force et , or it’s 

equal -^L, as r x sm to ^Rw, or, becaufe of the fnnilar tri- 

- 1 2OR 

angles ORD and Rr/w, as 2 r X OD to OR or OA. 

Hence it is evident that the body, to continue in the plane 
of the circle, muft be conjlantly aded on, in a direction per¬ 
pendicular to the plane, by a force varying according to the co¬ 
fine of the didance AR of the body from the extremity of the 
axis; whofe greated value, at A, is to the centrifugal force in 
the circle, as 2 r to unity. ^ E. I. 

COROLLARY I. 

If, indead of one, a great number of bodies or corpufclcs, 
fo as to touch one another and thereby form a continued ring 
AFrtF, were to revolve at the fame time, and to be aded on 
in the fame manner (that is to fay, by forces in the ratio of 
the didances from the diameter FF perpendicular to the axis 
A<z), it is evident that they would all continue in the fame 
plane. And this will alfo be the cafe, when a number of con- Fig. 3. 
centric rings ERG^G, (Sc. are fuppofed to perform their revo¬ 
lutions together about the common axis NEca. For, afliiming 
# to denote the centrifugal force of a corpufcle in the outer- 
mod ring AR'FtfF, the centrifugal force of an equal corpufcle 

(R') in the ring ERVG, will be equal to 0 X ^ : whence, by 
the foregoing proportions, 2r x jG X ^ will be the force act¬ 
ing perpendicular to the plane at E : and 2 rx^x ^ x 

(= 2r x p x 25 ) will be the true meafure of the force ading 

°n a corpufcle at R'; which, as r, ft and OA are all of them 
condant, is evidently as the didance from the diameter FF. 
Whence it follows, becaufe the didance below FF becomes 
negative, that the forces above and below that diameter mud 
have contrary diredions. 

COROLLARY II. 

Whatever hath been faid in the preceding Corollary holds 

equally. 



6 Of the Prccejpon of the Equinox, 

equally, when the line or axis Aa , about which the plane is 
iiippofed to turn, hath a progreflive motion, or is carried uni¬ 
formly forward, parallel to itfelf; provided the angular celerity 
about that axis continues the fame j as is evident from the re- 
4. foiution of forces. Hence it follows, that, if a circle E'E Cee, 
confidered as compofed of an indefinite number of concentric 
rings, be fiippofed to revolve uniformly about its center C, 
whilft the center itlelf and the right-line OC (which, to help 
the imagination, may be taken as the axis of a cone E'Oe , 
whofe bafe is E'E^') move uniformly in the plane Pap A' about 
the point O; I fay, it follows that the forces necefiary to keep 
the particles in the plane, under fuch a compound motion, will 
be the very fame as if the circle was to turn about the line Ee 
(perpendicular to the plane Pap A') at ref:, with an angular 
celerity equal to that of the center C about the point O: becaufe, 
the angle OCE' being always a right one, the angular celerity 
of the moveable circle about the line ECe (which remains 
every-where parallel to itfelf) will, evidently, be equal to the 
angular celerity of the center of the circle about the point O. 
From whence and the preceding Corollary it is manifeft, that 
the forces which, a&ing parallel to PCO, are necefiary to retain 
the particles in the plane E'E*?, will be, every-where, as the 
diftances from the diameter E'C*, or the plane PdpAl, let the 
difiance of the plane E'E*? from the center O be what it will* 

COROLLARY III. 

Conceive now OAPapAld to be an homogenous fluid, re¬ 
volving uniformly about the axis PO/>, under the form of an 
oblate fpheroid *; whilft the axis itfelf is fuppofed to turn 
about the center O, in the manner explained above: then it will 
appear, from what is there delivered, that the particles of th e 
fluid, to continue in equilibrio among themfelves, muft be f°" 
licited parallel to the axis, by forces that are as the diftances 
from the plane Pap A '; fuch, that the force afting at the re^ 
moteft point A may be defined by 2 r /3 where /3 [by CoroL A) 

* That the particles will remain in equilibrio, under the form of an 
late fpheroid (when the 2 xis is at reft), is demonftrated in Part II. Sect. 9* 
©f my Do Urine and Application of Fluxions . . 

3 y represents 
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reprefents the centrifugal force in the circumference Ada A' of 
the greateft circle, and r the meafure of the angular motion 
of the axis itfelf, that of the rotation, about the axis, being 
enoted by unity. But it appears further, from Lemma /, that 
the efficacy of all the faid forces to turn the fpheroid about its 
center (making y here = 2r/3) is truly defined by 2 r/3x \Sx OA. 

hence it is plain, that all the particles of the body will remain 
111 € quMbrio among themfelves, under the two different moti¬ 
ons above explained, when the whole force producing the mo- Fi*. 4. 
hon of the axis is expreffed by 2r /3 x±Sx OA. And, when ° 
le forces reflecting the feveral particles are fuppofed to adt ac¬ 
cording to a different law, the effect produced by them will be 
he lame, provided their joint efficacy, to turn the body about 
1 , s center > be the fa?ne: fince the fame force mud be anfwer- 
or Satisfied with the fame kind and degree of motion in 
ffic whole body ; if we except only, the exceeding fmall diffe¬ 
rence that will arife from the alteration of the figure j which figure 
w hl not be accurately a fpheroid, in this cafe, but nearly fuch, 

* s the motion of the axis and, confequently, the forces pro¬ 
ducing it, are fuppofed very fmall. Neither will the axis con- 
hnue to move in the fame plane, when the direction of the 
forces is not every-where parallel to the axis; the motion pro¬ 
ceed in the body being always about that diameter (A*) 

„ ^ re ^ n the whole perturbating force may be conceived to aeft, 

-s by a lever, to turn the body about its center. Lafily, it may 
obferved here, that the time of revolution about the axis 
1 not, in this cafe, continue accurately the fame ; fince a 
^nang e of the figure mud neceffarily be attended with a change 
the time of revolution. But this change of motion about the 
when we regard the effedt of the perturbating forces of 
k e fun and moon upon the earth, is fo extremely fmall, as to 
H u ^ te iuconfiderable, even in comparifon of the very flow 
°tion of the axis above fpoken of. 

LEMMA III. 

Supposing all the particles of a gi-oen ellipfe MFN/V0 be urged 
° m a r ight-line GG coinciding with a given diameter MN, by 

forces 
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forces proportional to tbe difiances from the /aid line, fuch that the 
force ailing at a given difiance a, may be expreffed by a given 
'quantity y ; it is required to find the whole efficacy of all theje 
forces, to turn the ellipfe about its center O. 

If BC be fuppofed parallel to GG, interfering OT, perpen¬ 
dicular thereto, in D ; then the force with which a particle, at 
any place V in that line, is urged in the direftion wV parallel 

to OD, will be expreffed by i X Vw, or-^-xOD; and con- 
fequently it’s efficacy to turn the ellipfe about its center by 
Z x OD x Ow, or — x OD x DV. Let there be taken Cv = 
DV; and the efficacy of a particle at v will, in like manner, 
be had equal to L X OD x D*u: which, added to that of the 

Fig. 5. former particle at V, gives L x OD x DC. Therefore, feeing 

the joint adtion of any two particles in DC, equally diftant 
from the middle one I, is expreffed by the fame quantity 

L x OD x DC, the efficacy of all the particles muff confe- 
quently be equal to that quantity drawn into half the number 
of the particles; and fo is truly expounded by Lx^ODxDC • 

By the fame argument, the force of all the particles in the lin^ 
BD to turn the ellipfe about its center, the contrary way, will 

be L x -OD x BD'. Therefore the difference of thefe tw° 

a 1 

values, - x iQD x BD‘ —CD\ is the whole force of all the 

particles in the line BC, to turn the ellipfe about its cent« 
(downwards) ; which expreffion, if F/ the conjugate dia- 
meter to MN be drawn, bifedting BC in E, will becom 

2. X 1 OD X BD 4- CD x BD — CD = 2- x OD x BC x D&- 

a 2 1 a f 

Put, now, OF=c, OM = d, FH (perpendicular to MN) 

OH = g', and let OE and OD, confidered as variable, be e 
noted by x and y, refpedtively. Then, by the property^ 
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the ellipfis, it will be, cc : dd :: cc — xx : BEl I = —; 

and confequcntly BC = 2 . d ^ cc . ~Z —. Alfo (by fimilar trian¬ 
gles) c : f:: x : y = ^ ; and c : g :: x : DE = y. Hence 
our exprefiion ^ x OD x DE x BC, derived above, by fubftitut- 
irtg thefe values, becomes ~ x X cc — xxY x x 1 : and there¬ 
fore the whole fluent of — X X cc — xxY xxxy , or of its equal 

— x & x cc—xxY x^‘xA will be the force of all the parti- 

a c 3 c 

cles in the femi-ellipfe MFN. In order to the finding of this 
fluent, let A be taken to denote the area of the femi-ellipfe, 

or, which is the fame, the fluent of yXcc— xx\x £- } then, 

hy comparifon, the whole fluent of y x cc —* 3 * x x 1 x A when 
* = will be found to be Ax -\c ': whence that of our given 
exprefiion, — x x cc — xxYxx* x ■&, muft confequcntly be 

= Ix-x WA = — x jfgA == — x jFH x OH x A ; the 

double of which, or y x |FHx OH x area MFN/M, is there¬ 
fore the true meafure of the whole force whereby the ellipfc 
tends to move about its center. ^ E. I. 

COROLLARY I. 

If the fame value be required by means of the angle AOM 
included between the diameter MN and the principal axis AO a 
(fuppofed to be given); then let PO p and FR be drawn per¬ 
pendicular to OA, and TF to OT, meeting OA produced, in 
fuppofe L to be the interfe&ion of AO and FH ; and let Fig. 
the fine and co-fine of the faid given angle AOM (to the ra¬ 
dius i) be denoted by m and n , refpe&ively. Becaufe FL is 
perpendicular to the tangent TQ, we have, by the property of 

C the 
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the ellipfis, as AO' : AO*— OP : : OR : OL :: OR x OQ 
(AO 1 ) * OLxOQ; andconfequently AO 1 —OP‘=OLxOQ. 
But, i : n : : OL : OH ; 
and, i : m :: OQ^: OT (FH); 
whence, by compofition, i : mn : : OL x OQ (— AO 1 — OP") 
: FH x OH = mn x AO 1 — OP 1 : and fo, by fubftituting this 
value above, we get 1 x ^ x AO 1 — OP 1 X area of the ellipfe , 
for another expreflion of the required force. 

COROLLARY II. 

Hence may be eafily deduced the force by which the fphe- 
roid, generated by the rotation of the ellipfe about its leffer axe 
P/>, tends to turn about its center, when all the particles are 
urged from a plane GG paffing through the center, by forces 
proportional to the diftances from the faid plane. For, as any 
iedtion of the fpheroid, parallel to the middle one ApaP , is alfo 
an ellipfe, fimilar to it, the area of that fedtion will be in pro¬ 
portion to the area of ApaP (which I fhall denote by 
as the fquare of its greater femi-axe, to the fquare of the 
greater femi-axe OA of the given ellipfe PA pa : fo that, ij 
OA be denoted by a, , PO by b, and the diftance of the faid 
fedtion from the center of the fpheroid by u , we fhall have, 
aa : aa — uu (= fq. greater femi-axis of that fedtion, by the 

property of the circle) : : ^x aa f~^ > the area of the fee- 

tion. Moreover, by rcafbn of the fimilar figures, we have 
aa : aa — bb :: aa — uu : xaa— uu y the difference of 

ao 

the fquares of the greater and leffer femi-axes of the fedlion* 
Therefore, by fubftituting thefe values in the above genera 

expreffion, we getx ^ x - f— - x aa — uu x ^, x 

(== y_ x ™ x x £ x a *-- 2a L“l±E :) for the force of all the 

particles in that fedtion to turn the body about the common axis 
of motion ftanding at right-angles to the plane PA pa. This quan¬ 
tity, drawn into it y will, therefore, be the fluxion of force of th e 
J femi- 
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femi-fpheroid in which thatfeftion is; vvhofe fluent, when u=a t 

will be found = — x — x~—— xQx — : the double where- 
a 4 aa 15 

of, or — x mn x aa — bbx muft confequently be the re¬ 
quired force of the whole fpheroid : which force, as Q^x ^ is 
known to exprefs the content, or mafs of the fpheroid, will 
alfo be truly defined by-^XyX^ — x S; S being put (as 

in the preceding Lemmas) to reprefent the faid content or 
mafs, 

PROBLEM I. 

To determine the efficacy of the funs attraction, on a corpufcle, 
vny where in the body of the earth, to turn the earth about it's 

center . 

Let CDHE reprefent the earth, C the center thereof, S that Fig. 7. 
of the fun, and GCG a plane perpendicular to the line CS 
joining the centers of the earth and fun; let D be the place of 
the corpufcle, and upon the diagonal SD let the parallelogram 
QCSD be conflituted; producing QD to meet GCG in K. 

If F be taken to denote the fun’s abfolute force on a particle 
a t the center C, his force on a particle at D will be F x 

Which may be refolved into two others, the one in the di- 
fe&ion DC (which has no effedt at all to turn the earth about 
its center); and the other in the direction DQ, exprefled by 

^ rom which the force E, in the parallel di- 

redlion CS, being deducted, the remainder Ex—— will 

he the true meafure of that part of the force in the direction 
whereby the particle at D tends to change its pofition 
with refpedt to the plane GCG. But this value is reducible 

to Ex x * D + sl ?.l ; which, as SC — SD 

(by real'on of the great diftance of the fun) is nearly equal to 
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DK, will become = ?x = 3-Fx 2 ^, nearly: 

which, drawn into CK, will be as the required efficacy of 
that force to turn the body about its center. ^ E. I. 


COROLLARY I. 

f A = (SC) the diftance of the fun and earth, 
a = the femi-equatoreal diameter of the earth. 

If there bej T = the time of the annual revolution, 
taken j t — the time of the diurnal revolution, and 

/3 = the centrifugal force of a particle at the equa¬ 
tor, arifing from the diurnal revolution ; 

then, fince^ : :: (3 : F, or F= 4 ^ (by the known laws 

DK 

of central forces) it is evident that the force x with 
which a particle at D tends from the plane GCG, will alfo be 
truly defined by j3 x X Hence it appears that the faid 

force is directly as the distance from the plane ; and that the 
value thereof, at the diftance of the earth’s femi-equatoreal 

diameter, is truly defined by x being in proportion to the 

centrifugal force at the equator, arifing from the diurnal rota¬ 
tion, as thrice the fquare of the time of the diurnal revoluti¬ 
on, to once the fquare of the time of the annual revolution. 


COROLLARY II. 


Fi g. 7 * 


Moreover, from hence the perturbating force of the moon, 
or any other planet, will be given : for, fuppofing S to repre- 
fent the planet, it’s abfolute force ( F ) at the center C, will be 
as its quantity of matter, applied to the fquare of the diftance 

DK 

SC : and fo our general expreffion will here become 


which, becaufe the quantities of matter in bodies 

of the fame denfity, are as the cubes of their femi-diameters, 
will alfo (fuppofing the pofition of D to remain the fame) 
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be as the cube of the femi-diameter of the planet diredtly, and 
the cube of its diflance SC, inverfly ; or, which is the fame, 
as the cube of the fine of the apparent femi-diameter diredlly, 
and the cube of the radius inverfly. Hence it is manifefl, that 
the perturbating forces of planets, of the fame denfity, are in 
proportion diredtly as the cubes of the fines of their apparent 
femi-diameters, or as the cubes of the femi-diameters, them- 
felves, very near. Therefore the fun and moon, appearing 
under equal femi-diameters, have their perturbating forces in 
the fame ratio with their denfities. 

PROBLEM II. 

T 0 determine the change of the poftion oj the terrejlrial equator , 
arifng from the affion of the fun on the whole mafs of the earth , 
during any very fmall interval of time. 

Let OAP ap be the earth, under the form of an oblate Fig. 8. 
fpheroid; let ALzL be the plane of its equator, and H 1 CL a 
plane palling through S the center of the fun, and making 
right-angles with the plane of the meridian HAPC p. 

It appears, by Corol. I. to Prop. I. that the relative force 
whereby a particle of matter, any where in the earth, tends, 
through the adtion of the fun, to recede from the plane GG, 
perpendicular to HICL, is dirc&ly as the diflance from the faid 
plane ; and that the faid force, at the diflance ( a) of the femi- 

equatoreal diameter from the plane, is truly defined by 0 x A. 

It appears moreover, from Corol. II. to Lem. III. that a fphe¬ 
roid, a&ed on in this manner, tends, through the joint force 
of all the particles, to turn about its center with a force ex- 

preffed by I x mn x ** x S ; y being the force wherewith a 

particle, at the diflance a , is urged from the plane G G. Th ere- 

fore, expounding y by Q x we have @ x —=■ x- — -X S, 

for the true meafure of the force whereby the whole earth 
tends to turn about its center, through the fun’s attradlion. 


But 
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But it is proved, in Corol. III. to Lem. II. that, if a fphe- 
roid OAP ap revolving about its axis P/, be at the lame time 
aCted on by forces tending to generate a new motion, at right 
angles to the former, it will, in confequence of fuch aCtion, 
have another motion, about the line A a ; whereof the celerity 
will be in proportion to that of the former motion about the 
axis (Py>), as r to i j the whole force with which the fpheroid 
tends to turn about its center, whereby this motion is produ¬ 
ced, being exprefied by 2 r@ xfSxa. Let this force, there¬ 
fore, be made equal to that found above, by which the earth 
tends to turn about its center : by which means we have 

— = and therefore r = ^!-x x 

From whence it appears that the earth, in confequence of the 
fun’s attraction, has a motion about the line A a (lying in the 
plane of the fun’s declination) whereof the celerity will be in 
proportion to that of the diurnal motion about die axis P f, as 

-¥L x — a - a -~~ h - to unity : where t and T* exprefs the re- 
2 TT aa J 

fpeCtive times of the diurnal, and annual revolutions, a and b 
the greateft, and lealb femi-diameters of the earth, and ?n and 
n the fines of the fun’s declination and polar diftance. 

PROBLEM III. 

determine the precejfion o f the equinox , and the nutation of 
the earth's axis , caufed by the J'un , during any wry fmall interval 
of time j on the fuppofition of an uniform denfity of all the parts of 
the earth. 

Fig. 9. Let be the ecliptic, on the furface of the fpherej 

and let £jACq° be the pofition of the equator, when S is the 
fun’s place in the ecliptic, and SA his declination. 

It is evident, from the lad proportion, that the angle 
or qpA b } defcribed by the equator about the point A, in any 
very fmall time t\ by means of the fun’s attraction, is in pro" 

portion to x 360°) the angle defcribed in the fame time, by 

means 
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r s i ,• Vt mn X aa — hb • 

means of the diurnal motion, as —X-- is to u- 

21 1 aa 

nity; and therefore is truly defined by 360° x X — • 

or 3 6o° x X kmn ; fuppofing ——— (for the fake of bre¬ 
vity) to be denoted by k. But it will be (p. fpherics) as 
fine of a (or £;) : fin. £:A (:: fin. ^Aa : fin. £1a ) : : angle 

tC^Aa : t aa = 360° x ~^ xkmn x ~^ A -, the quantity of 
the precefTion required. 

Again, if aD and ac be taken as arcs of 90 degrees each ; 
fo that D c may be the meafure of the angle a j we fhall alfo 
have [p . fpherics) as Rad. : lin. AC (co-fin. £5 A) :: fin. CA c 

(£iA a ): fin. Cf:: angle a Aa: Cr= 3 6o°x^ x^;;?;x- ^ A , 
the required nutation, or the decreafe of the inclination of the 
equator to die ecliptic. I. 

COROLLARY. 

If Qe be made perpendicular to a A, it will be, as £$e : C c 
0 • fin. £; A : fin. CA) : : tang. ^ A : Radius ; 

alfo, a a : £s<? :: Rad. : fin. a: whence, by compound¬ 
ing thefe proportions, we have £^a : C c :: tang. £:A : 
fin. a. From which it appears, that the quantity of the pre¬ 
cefTion, for any very fmall time, is to that of the nutation 
eorrefponding, as the tangent of the fun’s right afcenfion to 
die fine of the inclination of the equator to the ecliptic. 

PROBLEM IV. 

To determine the precejjion of the equinox , and the nutation of the 
e &rth's axis, caufed by the fun, from the time of his appearing in 
tie equinoctial point, to bis arrival at any given dijlance therefrom . 

Every thing being fuppofed as in the preceding Problem, put Fig. 9. 
die fine of the angle £; —p, its co-fme =q, die arch £jS=2r, 

its 
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its fine = *, its cofine = y, and the length of the femi- 
periphery then, p. fpherics , it will be, co-fin. 

AS x co-fin. £;A {—y x Bad.) =y; and fin. AS (=^) = 

px : whence, by multiplying thefe two equations together, we 
have fin. AS x co-fin. AS x co-fin. £2 A (= mn x co-fin. a A) 
— p X y: and fo, by fubftituting this value for its equal, our 
expreflion for the nutation, during the time t' (given by the 

laft Problem) will here be reduced to 360° X X kpxy. 


But the time wherein the fun’s longitude ^S is augmented 
by the particle x will beTx^; which being wrote in the 

room of we thence have 360° X ^ X ^ X xyz: and this , by 
fubftituting Vi — and —=, inftead of their equals y 
and z , will be farther transformed to 360° XX y x xx. 
Whofe fluent, 360*x^x^p isconfequently the true quan¬ 
tity of the nutation that was to be determined. 

Again, with regard to the preceflion of the equinox, the in* - 
creafe thereof (by the Corol. to the precedent) being in proporti¬ 
on to the corresponding decrement of the inclination of the 
equator to the ecliptic, as the tangent of a A to the fine of :£:> 

or, in fpecies, as q * to p, it therefore appears (by multi- 

r VI — xx 

plying the fluxion of the nutation by that 360° X 

JL x i? x * % *— will be the fluxion of the quantity under con- 

4T e 1 — xx _ 

fideration ; whofe fluent, which is 360° x x x ——— ^ 

is therefore the preceflion itfelf. ^ E. L 


COROL* 
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COROLLARY I. 

When the fun arr^es at the folftitial point D, the value of 
a: being = 1, and that of z = \e, the quantity of the precefli¬ 
on becomes barely equal to 360° x x-^; vvhofe quadruple, 

360will be the whole of the annual preceflion, 

4 * 

depending on the fun ; which, in numbers (by making/ = 1, 

T = 366'-, q = *91723 = co-fine of 23°28| / , a = 231, 

b = 230, and k (— aa ~ hh - ) = —L-) comes out 21" j"'. But 

it will appear from what follows hereafter, that this quantity, 
derived on the hypothefis of an uniform denfity of all the 
parts of the earth, ought to be reduced to about 14 '-', to agree 
with obfervations. 

COROLLARY II. 

Since the preceflion during ^th of the annual revolution is 

found to be 360° we have as [e : z :: 360° x 4^ x 

^414 4 T 

: (360° x 4 ^ x — xz) the mean preceflion during the time 

of defcribing the arch : which being taken from the true 

preceflion, 360° x 4 ^X X ^ 1 —the remainder, 

3^0° x 4p X —- x— Xy/ 1 — xx, will confequently be the equa¬ 
tion of the preceflion ; which therefore is to the mea n pre¬ 
ceflion, as — xy/ 1 — xx : 2;, or as — 2x\ /1 — xx : 2z ; 
that is, as — fin. 2 z : 2 z. But the mean preceflion, in the 

time of defcribing the arch z, is 21" j"'x (or rather 14{-"x £) 

by Corot. I. Therefore the equation correfponding will be 

X fin. 2 z— — \”\?!" X fin. 2 z, when the denfity is 

taken as uniform ; but when taken to correfpond with the obfer- 

v ation, it will be — x fine 2 z— — i"io" x fine 2z. Hence 

\ e 

it 


D 
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it appears, that the greated equation of the preceffion (when 
the lun is in the mid-way between the equinox and foldice) is 
\ r i d" 3 and that the general equation (which is fubtradtive 
in the fird and third quadrants of the ecliptic) will be in pro¬ 
portion to the faid greated equation, as the line of twice the 
fun’s didance from the equinodtial point is to the radius. 


COROLLARY III. 


Furthermore, becaufe the quantity of the nutation is, univer- 
fally, equal to 360° x-4f x it will therefore be the greated 

poffible, when the fun is in the foldice and x is the greated pof¬ 
fible : after which it will decreafe, according to the fame law 
whereby it before increafed ; ’till, on the fun’s arrival at the 
other equinodtial point, it intirely vanilhes, and the inclination 
is thereby redored to its fird quantity. It is alfo evident that 
the quantity of the nutation will, in all circumdances, be in 
proportion to the preceffion, during ^th of the fan’s revolution, 

as to L, or as P— to that is, as the product under the 
e 2 q 2 r 


fquare of the fine of the fun’s longitude and the tangent of the 
inclination of the two planes of the equator and ecliptic, is to 
the length of an arch of 90 degrees. According to which pro¬ 
portion (taking the faid preceffion — ’th of 14 the greated 
nutation comes out one Jecond , very near; the inclination of the 
two planes decreafing from the time of the fun’s leaving the 
equinodtial points, to his arrival at the foldices, and that in the 
duplicate ratio of the fine of his didance from the faid equi- 
nodfial points. 

It may be obferved that, in order to avoid trouble , the quantities 
p and q are taken as confiant 3 the error , or difference thence 
arijing fcarcely amounting to 1 o ^P art °f the whole value. 


SCHOLIUM. 

Sir Isaac Newton, in finding the preceffion of the equi¬ 
nox, confiders the protuberant matter about the earth’s equator, 
as a ring of moons, revolving uniformly round the center of 

the 


and the different Motions of the Earth's Axis. i g 

the earth in 24 hours; and by virtue of that affumption, from 
the motion of the lunar nodes, before determined, he infers 
the motion of the nodes of the faid ring, and from thence the 
preceflion of the equinox. We have proceeded upon other 
principles, and by a very different method ; and it may be 
worth while to remark here, that, as the preceflion of the 
equinox is deducible from the motion of the nodes of a fatel- 
lite, fo, on the contrary, the motion of the nodes of a fatellite 
may be very eafilv deduced, as a Corollary, from our general 
formula , for the preceflion of the equinox. 

Thus if the value of b be fuppofed indefinitely fmall (fo 
that the figure of the earth, or fpheroid, may be conceived as 

flat as poflible) we fliall have k {-=■ ———] = i } an d the ex- 

preflion in Corol. I. will then become 360* x 4 ^ X q, exhibit¬ 
ing the motion of the node of a ring, or of a number of con¬ 
centric rings, during the time (T) of one whole revolution of 
the body about the fun (vid. Corol. I. to Lem. II.) But it will 
alfo appear, from the articles here referred to, that the place 
of a fatellite, moving in a circular orbit, will always be found 
in a ring or plane revolving in the manner there fpecifiea. 

Hence 360° X X q will like wife exprefs the motion of the node 

of a Angle moon, or fatellite, in the time (T) of one whole revo¬ 
lution of the primary planet: which value, when the inclination 

to the ecliptic is but fmall, will be equal to 360° x - 4 p nearly. 

Hence the mean motion of the node of a fatellite, in a circular cr- 
bit, is in proportion to the mean motion of the primary planet about 
the fun, as Mhs of the periodic time of the fatellite, is to the whole 
periodic time of the primary placet. It follows moreover, that, 
let a planet have ever fo many fatellites, the mean motions of 
the nodes of them all will be in proportion, Jlrefily as the times of 
r eyolutionof the fatellites themfehes ; and , confeqUently, the periodic 
times of the nodes, inverfy, as the periodic 'times of the rfpcSBve 

Mdmst 

D 2 Th - 




20 


Of the Precejfton of the Equinox , 

The proportions ufed by Sir Isaac Newton, in inferring 
the preceflion of the equinox from the motion of the lunar 
node, agree exactly with thofe above determined; it may, 
therefore, feem the more ftrange that there fhould be fo wide 
a difference between the conclufion derived, in Corol. I. of the 
laft Problem, and that brought out by that celebrated Author; 
who makes the quantity of the annual preceffion, depending 
on the fun, to be no more than 9" y'" 2 0 /v : which is not the 
half of what it is here found to be. But to give the Reader 
what fatisfa<flion I can in this particular, and to difeover the 
error (if any fuch fhould have crept into my calculations) I 
fhall now attempt the folution by a different method: in order 
to which it will be requifite to premife the two following 
Lemmas. 

LEMMA IV. 

If every particle in the circumference AlaL of a given circle 
tends to turn the circle about one of its diameters IL, as an axis, 
by a force proportional to the fquare of the diftance therefrom ; it. 
is propofed to fijid the whole force of all the particles , to turn the 
circle about that diameter. 

If, from, any point E in the circumference, there be drawn 
EH perpendicular to the given diameter IL, the force of a 
Fig. 10. particle at E will, by hypothefis , be defined by EH‘; which 
quantity, drawn into (Em) the fluxion of the arch IE, will 
therefore be the fluxion of the quantity to be determined. But 
Em, becaufe of the fimilar triangles Emn, EOH, will be equal 

t° anc * therefore the fluxion fought = OAxEHxE^ 

But EH x E n is the fluxion of the area IHE : whence it I s 
evident, that the force of all the particles in the whole cir¬ 
cumference, will be truly defined by OA x area of the circle, of 
OA x OA x the femi-circumference, or OAx ~ the number of pdf' 
ticks. E. I. 

COROLLARY. 

Since the force of a particle at A is exprefied by OA a , it fol' 
lows that the force of all the particles in the whole circumfe¬ 
rence will be equal to half the force of an equal number of 
particles a&ing at the diftance of the higheft point A. 

LEMMA 
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LEMMA V. 

To determine the momentum oj rotation of a given fpheroid 
hVaOp, revolving uniformly about its axis P p, with a given 
angidar celerity . 

Let ENF be an ordinate to the generating ellipfis AP ap, 
parallel to the axis of rotation P p: make AO (perpendicular 
to Vp) — a ; OP (— Op) = b j ON = *; EN =y ; and let 
p denote the femi-periphery of the circle whofe radius is unity. 

Then it will be, as I : 2 p : : x : 2 px, the periphery of the Fig. 11. 
circle generated by the point N. Therefore 2 px x 2 y will be 
the meafure of the furface generated by the ordinate EF, in the 
revolution of the ellipfis about its axis P p: which, drawn into 
the fquare of the diftance ON, gives 4 pyx> for the momentum 
of rotation of all the particles in the faid furface : fo that 
the fluent of — 4 pyx 3 x will be the true meafure of the force 
to be determined. 

Now, by the property of the ellipfis, we have x'=~x bb-yy ; 
and confequently ** == : whence, by fubftituting 

a J x fryy _ yfj in the room of its equal — x*x, our fluxion is 

transformed to — yf: whofe fluent, when y = b> 

is found equal to 

COROLLARY. 

Since tdldL is known to exprefs the mafs or content of the 

fpheroid, the momentum of rotation of any fpheroid about 
its axis appears, therefore, to be juft the fame as would arife, 
if |ths of the whole mafs was to revolve at the diftance of the 
higheft point (A) from the axis of motion. 

PROBLEM V. 

To determine the alteration of the pofition oj the terreftrial 
equator ^ ariftng from the aft ion of the fun on the whole mafs of the 
earthy during an infant of time. 


Let 
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12. Let OAP ap be the earth, under the form of an oblate fphe- 

roid i let ALzL be the plane of its equator, and HICL a plane 
paffing thro’ S the center of the fun, making right-angles with 
the plane of the meridian HAPC 'f and with the plane GG. It 
is found, in Prob. I. that the force whereby a particle, at any 
point E in the equator AELtfl, tends from the plane GG, is in 
proportion to that refpeCting the higheft point A, as the di- 
Hance EF to die diitance AK, or as ED to AO (fuppoling EF 
parallel to AK, and ED to AO); whence it is evident that the 
force on the particle at E, in a direction perpendicular to the 
plane of the equator, mud; be to the force on a particle at A, 
in the like direction, in the very fame ratio of ED to AO, that 
is, in the ratio of the cofine of the arch AE to the radius. 
But this, by CoroL I . Lem. II. appears to be the law of the 
forces under which a ring of particles AEL^I, detached from 
the earth, may continue in equilibria , in the fame plane, under 
a twofold motion about the center O, and about the line A a as 
an axis. 

Imagine now this ring to be exceeding denfe, fo that its 
7 nomentum of rotation about its center O, may be equal to that 
of the earth itfelf, or fo that the two bodies may equally en¬ 
deavour to perfevere in the fame Hate and direction of motion, 
in oppofition to any new force imprefied. Then it is evident, 
that, were the forces whereby the two bodies tend to turn 
about the line LI, through the fun’s attraction, to be alfo equal* 
the fame effeCt, or alteration of motion, would be produced in 
both ; and confequently, that the effects produced, when the 
forces applied are unequal, will be in proportion diredly as the 
forces. Now the force whereby a particle at A is urged from 

the plane GG, is found to be /3 X X ^ (by Prop. I. Co¬ 
rot. I.) ; which, in a direction perpendicular to the plane of the 
equator or ring, will be (3 x x ^5 x ^ = /3 x ^ x mn. 

Therefore, the force aCting on a particle at E, in a like di¬ 
rection, being exprdfed by /3 X~fXmnx the effeCt 

thereof to turn the ring about the line IL will be exprefled’ 

by 
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by / 3 xi^XMX~j which being as the fquare of the di- 

ftance ED, it follows (from the Ccrol. to Lem. IF.) that, if Mbe 
taken to denote the mafs of the ring, the whole force by Avhich 
the ring tends to move about the line LI, as an axe, through 
the action of the fun on all the particles, will be truly defined 

by x YY X mna x jM. Again, becaufe $ x ~y X mn is the 

force acting on a particle at A, in a direction perpendicular to 
the plane of the ring, it is evident, from Corol. I. to Lem. II. 
that the ring will, in confequence of that force, have a motion 
^bout the line Aa as an axe ; whofe celerity will be to the ce¬ 
lerity of the other motion about the center, in the proportion 

° f r t° L or of AE x mn to i $ becaufe, mn be- 

ln g == £ X 2r, r will here be = -ffL x mn. Therefore, if N 

be aflumed to denote the fun’s force to turn the earth about 
lts center, we fliall (from the above obfervation) have, 

£ X fL x mna x (the force of the ring) : N :: (the 

Motion of the ring) : = the required motion of the 

ear th itfelf, about the fame line A a. 

But it appears, by the Corol. to Lem. V. that the mafs (M) of the 
ln & (to have an equal momentum) mull be juft fths of the mafs 

( S ) of the earth: theref. our laft exprefiion is equal to which, 

by ^ u bftituting @ x X m> ‘ * ^ —— x S, in the room of its equal 

N) at 1: >ft becomes x **Ed*. being e Xa (i/y the fame as 

before found in Prop. II. The afcertaining of which is the 
ev ^ rea \ difficulty i n the fubjett; fince, that being once known, 
er y thing that follows after is purely mathematical; nothing 
inft^ Cin ^ re( l u * re 4 than to take the fum, or fluent of thofe 
f 0r antan ^ ous alterations, in order to have the whole alteration, 
fithte time propofed ; as is adiually done in Prop. IV. 
ch therefore it will be needlefs to repeat. 


SCHO- 
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SCHOLIUM. 

Fig. 12. From this laft method it will not be very difficult to deter¬ 
mine what the refult ought to be, when the denfity, inftead of 
being every-where the fame, is fuppofed to increafe or decreafe 
from the furface to the center, according to a given law. For, 
let N, as above, be taken to denote the force whereby the 
earth tends to turn about its center, by the a&ion of the fun 
(the determination of which will be given by-and-by); and let 
M, alfo as before, exprefs the quantity of matter in an exceed¬ 
ing denfe ring, at the equator, having the fame time of revo¬ 
lution, and momentum of rotation, with the earth itfelf; then it 
will appear, from the laft Problem, that, let the figure and 
denfity of the earth be what they will, the celerity of the an¬ 
gular motion about the aforefaid line A a, will be to that about 

the axis, in the ratio of to i. Now, if the momentum 

of the earth about its axis (which I ftiall denote by R) be com¬ 
puted . by taking the fum of the products of all the particles 
by the fquares of their, refpetftive, diftances from the axis) the 
value of Af will be known ; becaufe the momentum of the ring 
(by the fame rule) being — Mxa\ we have Mx<z l =Ri 

and confequently —; fo that, the general proportion 
between the celerities of the two motions , about the line A a, and the 
axe Pp y will be that of to unity . 

But now, in order to find thefe values of N and R , accord¬ 
ing to any hypothefis of denfity, we muft look back to the third 
and fifth Lemmas ; from the latter of which it appears, that th® 
value of the momentum (R) y when the denfity is uniform, ^ 

be truly defined by ; a being the femi-equatoreal diame¬ 
ter, and b the femi-axis of the fpheroid, and p the meafu re 
of the periphery of the circle whofe radius is unity. 

Now let us fuppofe the fpheroid, inftead of being every¬ 
where of the fame denfiiy, to be compofed of elliptical frata> 
whofe denfities vary according to any given law of the diftanc 
of fuch Jlrata from the center of the fpheroid. 
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Then, putting z =. the femi-equatoreal diameter of any fuch 
flratum , and fuppoling the correfponding femi-axis to be in pro¬ 
portion thereto, as w to i (which proportion may be alTumed, 
either, as conftant or variable), we {hall, by writing z in the 

room of a, and wz in the room of by have ^xm s ; whofe 

fluxion, or indefinitely fmall increment, will, therefore be die 
momentum of the flratum or {hell, whereof the femi-equatoreal 
diameter is 2;, and thicknefs (at that diameter) z; on the for¬ 
mer fuppofition, that the fpheroid is every-where of die fame 
denfity. But in the prefent cafe this momentum mult be drawn 
into the quantity, which, according to hypothefis, exprefleth the 
meafure of the denfity anfwering to the value of z ; which 
quantity we will reprefent by D ; then will the product 

x flux. wx s be the general fluxion of the momentum, 


1 5 


"when the denfity is variable: and therefore the fluent of this laft 
expreflion, when z = a , and w = -, will be the true value 


of the required momentum (R) in the prefent cafe. 

After the fame manner, the correfponding value of N (from 
Lem. III.) may be determined : for, retaining the above no¬ 
tation and fuppofitions, it is evident (from thence) that the laid 


value of N (which is there exprefled by -- x xtf l -^xS, 
orlx^jxd — i ' x will here, by fubftitution, become 
v x ±^[P_ x wz s —. w i z s. and confequently that — x x D x 
flux. wz s — w*zs will be the required fluxion of the value of 
N : where ~ is a conftant quantity (by hypothefis), the force 
being proportional to the diftance, and the meafure thereof (7/) 
a t the given diftance a, equal to jS X as has been before 
fliewn, in Prop. II. 

Now from the whole of what is above laid down, it will 
a ppear evident, that the angular celerity of the motion about 
me line A a (fuppofing that about the axis to be denoted by 

E unity) 
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fluent of D Xflux. wz % — w*z s 


unity) will be truly defined by^x fluent of D y flux , > 
which, therefore, will be known, when the relation of z , w, 
and D is afligned. 

If w be fuppofed conftant, or, which is the fame, if all the 
Jlrata are conceived to be fimilar to one another, then our ex- 

« -2 mntt w — w* x fluent of D X flux, k 5 

preflion will become A—, x - ^ x fluent oi Zi x - 

(becaufe 


ynntt ^ w — i 

rrr ~“ 


TfT W —2TT 


mn x act — bb 


w = —) : which conclufion appears to be the very fame with 

a' 

that found when the denfity was fuppofed uniform. From 
whence it is evident that an increafe or decreafe of denfity, in 
going towards the center, makes no fort of difference here v 
provided the furfaces of the feveral jlrata are all fimilar to one 
another and to the furface of the earth. If indeed the jlrata 
are dijjimilar , the cafe will be otherwife; as will be feen by 
the following example : which ought not be looked upon as a 
matter of mere fpeculation ; fince it will appear, in the fequel, 
that the pr^ceffion of the equinox cannot be accounted for, fo 
as to agree with the phenomenon, upon the fuppofition of an 
uniform denfity of all the parts of the earth; the refult, this 
way, coming out about yd part greater than the real quantity* 
determined by obfervation. 

Let then, as before, the greateft femi-diameter of any ftra- 
turn be denoted by z , and let the leaft femi-diameter (lying & 
the axe of the earth) be in proportion thereto as i — xz* to 
unity; alfo let the denfity be fuppofed to increafe, in approach- 

-- v - 

ing the center of the earth, in the ratio of n — tt —i x —; 

as to vary according to fome power (z") of the diftance, and 
that the meafure thereof at the center, may be to that at the fin*" 
face, in any given ratio of tt to i. Then, by taking X, <p, and v> 

conflant quantities, and writing i— Az*, and tt — 7 r — i X -rp 


inftead of their equals w and D , we fhall here have 
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__ . _ 1/ , 

-D X flux. WZ> - W'x 5 = 7T — 7T — I X — X -f- 5 X 2X^+4^ 

o’ 

nearly (becaufe, to render the calculus lefs laborious, the terms 
involving X 1 and X 1 may be here negledted as inconflderable); 
the fluent of which expreflion, when z — a , will be found 

= ^X2Xa^—'EEhlI±Ij^^ = ^±l±l X2Mf +s. 

0 + v -f* 5 ^ 4- P 4* 5 

Moreover we have, in this cafe, D X fluxion of wz* = 

—— rJ .. ... ^ 

» — 7T — i x — x 5^ 4 i; — 5 <f> x Xz*+ 4 ;z = ?r - tt-i x — 

_ a° 

X nearly (becaufe 5 + <p x X**+ + , as the earth is nearly 

fpherical, is inconflderable in relpedt of $z*z ); whereof the 

fluent, when z — a^ will be had = 7rtf 5 — —~I^ = 2L±J? X ^. 

»t 5 w +5 

Now let thefe two values be fubftituted in the general exprefli- 
on fgg b whkh means 

aTT of D x y 

^ 'Xmntt w-j-a + cx w 4 - c „ . 

comes ~= x -L-. Z - -1 x 2Xtf*. But, when z ~ a, 

21 1 w + ?>4-5XV9r-f 5 

w (= will be = 1 — Xtf*, and w* = 1 — 2Xtf*, nearly; 
whence we have 2Xtf* = 1 — «; s =:i_— = aa ~ hh . an( j 

fo, by fubflitutio n, our lafl: formula becomes 
Zmntt w ^ + 5 x v~+ 5 —M TTr , 

r=pp X ■ ■■ —===== x-. Whence it appears that the 

211 v4-^4- 5X V7r-f 5 «« 

required motion, in this cafe, is to the motion, when the den¬ 
sity is fuppofed uniform, in the proportion of xv + 5 . 

V 4"P 4*5 x ^+5 

to unify .—From this proportion a great number of Corollaries 
may be drawn; but thefe will be, more properly, confldercd 
hereafter. 


PRO- 
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PROBLEM VI. 

To find the quantity of the preceffion of the equinox , and alffi 
that of the nutation of the earth's axis , caufed by the moon } dur¬ 
ing the time of half a revolution in her orbit. 

Fig. 13. Let /FN>E be the orbit of the moon (on the furface of 
the fphere) interfering the ecliptic in N; and fuppofe 

F^DE^ to be the pofition of the equator, on the moon’s 
pafling it at F, and fbDea the pofition thereof when flie re- 
palfeth it again at e: let moreover the quantity of the annual 
preceflion arifing from the fun (given by Prob. IV.) be denoted 
by A ; and let the ratio of the denfities of the moon and fun 
be exprefled by that of m to unity: then, taking r to reprefent 
the given time in which the moon is moving from F to e , the 
mean quantity of the preceflion, arifmg from the fun, in that 

time, will be L x A: and therefore, fince the perturbating 

forces of the fun and moon are as the denfities (by Prob. L 
Corol. II.) it is evident that the preceflion (E<?) caufed by the. 
moon, in the fame time, with refpeft to the plane of her own 

orbit, would be truly exprefled by m X ^ X A, were the or¬ 
bit’s inclination to the equator to be always the fame as that o£ 
the ecliptic to the equator : but, fince the magnitude, as well 
as the pofition, of the angle E varies, with the place of the- 

node, the faid quantity muft therefore be dimi- 

nifhed in the ratio of the co-fine of E to the co-fine of (as ap¬ 
pears by the faid Prob. IV.) and then we fhall get X 

for the true value of the preceflion Ee y caufed by the moon> 
with refpedl to her own orbit 

But now, in order to refer this to the ecliptic, it will be re- 
quifite to obferve firfi: of all, that, as the inclination of the 
earth’s axis, at the end of every half revolution, on the return 
of the fun or moon again into the plane of the equator, is r e ' 
fiored to its former quantity (by Corol. III. to Prob . IF.) it fol¬ 
lows, feeing the angles E, e } F, f are thus equal, that the 

triangle 5 
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triangles DE^ and D/T* will alfo be equal and alike, in all 
refpeCts ; and fo, DE -j- D* being = DE -|- DF = a femi- 
circle, both DE and De may be taken as quadrantal, or arcs 
of 90° each : whence, if 'WR, the meafure of the angle <Y>, 
be fuppofed to meet aED in r, it will be, as Jin. ED ( radius) 


:Jn.e(E)::Ee (^x 


co-fin. E \ 
co-fin. y* / 


ED*> = 


tnrA 

~T~ 


X 


fin.EXco-f. E __ 
co-f. <r X rad. * 


alfo, as Jin. a (q>) : Jin. qpD (co-fin. qpE) :: ED? : <y>a =± 


«tA fin. E x co-fin. E x co-fin. rE 1 . , . c , 

-7^-x—7----—, the required quantity of the 

T lin. x co-fin. r x rad. *■ * ' 


preceflion: 

And, as fm. r (radius) : Jin. DR (q°E) :: ED? (RDr) r Rr 

jwtA fin. E x co-fin. E x fin. «rE . - - 

= -Tfr- x—-=rt-, the correfponding quantity of 

1 co-fin. <v* x rad.) 

the nutation, or the decreafe of the inclination of the equator 
to the ecliptic. ^ E. I. 


COROLLARY. 

It is evident from hence that the quantity of the nutation is 
to that of the preceflion, as —to or as fi°*T to 

co " fi ”‘— • that is, as the fine of qp to the co-tangent of 


*PE. It appears moreover (becaufe Jin. E : fin. ^ N w fm. N 
: fm. qf’E, p. fpherics) that the former of thefe quantities is 

1. , mrA fin. N x fin. *>rN x co-fin. E . . , 

alfo truly explicable by x -----: which 

1 co-fin. T X rad.7 

exprefiion will be of ufe in the following Problem. 


PROBLEM VII. 

To determine the precejpon of the equinox , and the quantity of 
the nutation of the earth's axis , caufed by the moon> during the 
time of half' a revolution of the node of the moons orbit . 

Things being fuppofed as in the preceding Problem, let the Fig. 14, 
diftance qpN of the node from the equinoctial point be denot- 
e d by z , its fine by x, and its co-fine by y ; let alfo the fine 
°f the angle NqpE be put =. a , its cofine =- b, the fine of 

N 
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N = c, its co-fine = d , the femi-periphery Y ft — t, and 
the time of half a revolution of the node == R. 


If <Y>QJ>e fuppofed perpendicular to NE, it will be, p.fphe- 
rics , as co-fin. (v) : radius (1) : : co-tang. N (j) : tang. 

; let this be denoted by h , then the fecant of the 

^ — fy 

fame an^le will be.= s/i-{-bh, its fine = -—r=, and it? 
6 ' x/i+bb 

co-fine — ----- : whence, by the known rules for finding 

•s/ l-\-bh 

the fine and co-fine of the difference of two angles, the fine 
of EqpQwill alfo be had = hb ~ ^r, and its cofine = 
Whence, again, p. fpberics, we have, as fin. fin.E^Q 

:: co-fin. N : co-fin. E = —~ a * t = bd — a -i = bd—acy, 

h b / 

alfo, as co-fin. N^pQ^: co-fin. E<pQ^: co-tang. Nqp [f~) 
: cotang. <p’E = b + ta x 2 - = ad +f l l ; becaufe b = 


But, by the Corol. to the laft Problem, the quantity of the nu- 

r .* • /r j i wtA fin.Nxfin.vNxco-f.E, 

tation for the time t, is expreffed bv x -,=rr 1 

T co-fin. N fY E x rad*] 

which, in algebraic terms (by fubflituting the above values)* 
will become x cx x hd ~'-. a dl . But the time r, during which 

lb 

the longitude (2) of the node is increafed by z y being to R 
time of half a revolution of the node, as z to e y its value wih 


therefore be expounded by R x f., or its equal R x * 

and fo by fubflituting this value, and writing y /1 — xx in th e 
room of y, our lafl exprefiion will be reduced to X * ^b 

— -■ ** ■ - acxx i whofe fluent X — Xbd- bd<S 1 -xx - 
V i-xx T cb 
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(= ^ X X bd x verfed fine z — jac x verled fine 23) is 

consequently the meafure of the nutation, or the decreafe of the 
inclination of the equator to the ecliptic, caufed by the moon, 
from the time of the node’s coinciding with the equinoctial 
point <y>, to its arrival at the pofition N. 

Again, with regard to the preceflion of the equinox, the in- 
ereafe thereof being in proportion to the decrement of the in¬ 
clination, as the co-tangent of qf>E to the fine of N<y>E (by 

the Corollary to the precedent) or, in fpecies, as — bc * ( or 

be*/1 — xx ^ A . n 

' —- J to a , its fluxion will therefore be had by mul¬ 


tiplying that of the nutation, given above, into ed _+ bcs/l — ^ 
and fo is found to be *** 

T- x in X 77=7 X + bb — aa X cd * — ebc'Wi — xx i 
"diofe fluent, which is 

x ^7 X al>d ‘ z -\-ib—aa xcdx— [abe'z — ~{ab<Fxt/T^xx 

^ x -i- x x abz -\-bb-aaxcdx C.z-^bccx f. zz), 

mull confequently be the preceflion itfelf. 

But, at the end of half a revolution, when the node N ar¬ 
rives at the other equinoctial point both this, and the ex- 
preflion for the nutation, will become much more Ample, x 
ein g then = o, and z = e ; whence the nutation will be = 

x x = ~Y~ x ~ > anc * t ^ e preceflion equal to 

^A R —-- An _ 

x dd — 7 cc = x i — \cc (becaufe cc -f dd = i).. 

^ E.L 


COROLLARY L 

It appears from hence, that the mean preceflion of the equi- 
ariflng from the aCtion of the moon, is in proportion to 
•, at W0l dd otherwife be, if the mbon’s orbit was to coin- 
1 e with the ecliptic, as i — ±cc to unity : whence the true 

value 


Of the Preceffion of the Equinox, 

value thereof is to that depending on the fun, in a ratio com¬ 
pounded of the ratio of the denfity of the moon to the denlity 
of the fun, and the aforefaid ratio of i — ice (or 0,988) to 

^ COROLLARY II. 

It appears likewife, that the whole quantity of the nutation, 
in half a revolution of the node, is to the correfponding quan¬ 
tity of the preceffion, as ^ to dd — ice, or as unity to 

±~_ if x L ; that is, as the radius to the excefs of the co- 

tangent, above half the tangent of the orbit's inclination, drawn 
into (1.5708) the meafure of half the periphery of the circle 
whofe diameter is unity. This proportion, in numbers, fur 
poftng the mean inclination of the orbit to be 3° 8', will be 
found to be as 10 to 174, very near. 

COROLLARY III. 

Moreover, feeing the preceffion in half a revolutio n of t he 
node is t^xdd — ice, we have, as e : z :: 

. x — xdd — icc, the quantity of the mean preceffion 

during the time in which the node moves over the arch z, °!j 
cpN. This being fubtra&ed from the true preceffion, foun 
above, the remainder 

x x jjfj — aa x cdx — -abc'xs /1 — xx will confe 

quently be the equation of the precejjion, or the excefs of 
true above the mean: which equation or excefs, if Z ^ 

the term -'-jbc'xVi -xx (whofe value, by reafon of 
fmallnefs of never amounts to fth of a ficond) will 
dently be at its greateft value at the end of + th of a 
tion, on the node’s arrival at the folftice ; when it e ^ 

mAR x — x bb — aa x cd\ and, is therefore, in proportion t0 
T abe 

^ AR x —, the whole, or greateft quantity of the nutatio 
during half a revolution of the node, as bb aa ■ 2a ^ aS 
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as 1 : W—aa ' ^ at as rac ^^ us t0 tangent of double 
the inclination of the equator to the ecliptic. 

COROLLARY IV. 

. Furthermore, fince the value of c (the fine of the orbits 
inclination) is but fmall, the laft term of the general ex- 
preflion for the nutation, as well as that for the excefs of the 
true preceffion above the mean, may be reje&ed, without 
producing any confide rable error 3 wh ence the nutation is re¬ 
duced to — tjt- x —- x i — v/ i — xx, and the preceffion to 

wAR 1 77-— 

"~T“ x Tbi x bb — aa x c “ x - Hence it appears that the de- 
creafe of the inclination, from the time of the node’s leav- 
mg the equino ctial point qf>, will be as the verfed fine 
( 1 '— V 1 — xx) of the node’s true longitude j and that the 
e *cefs of the true preceffion above the mean, will be always as 
die fine (*) of the fame longitude. 

SCHOLIUM. 

. The quantity of the annual preceffion of the equinox arif- 
,n g from the force of the fun, is found in Prob. IV, to be 
f 1 7 : upon *e fuppoiition of all the parts of the earth be- 
In g homogenous, and in a ftate of fluidity. If, therefore, this 
quannty betaken from (50") the whole, obferved, annual pre- 
e ion, arinng from the fun and moon conjundtly, the remain- 
uer 28" 53'" will confequently be the mean annual preceffion 
Spending on the moon ; which being increafed in the ratio of 
looo to 988 (according toProb.VII.Corol.I.) gives 29" i 4!", for 
he quantity of the preceffion, if the orbit of the moon were 
o coincide with the plane of the ecliptic. Hence it will be 
[v the fame Corot.) as 21 "7"'is to 29"i4", fo is the denfityofthe 
to the denfity of the moon, according to this hypothecs. But 
o 1S £ v ^ en f ^ rom ex P er ience (whether we regard the proporti- 
tl? ° u C or accu rate obfervations of Dr. Bradley) 
flat the denfity of the moon in refped: to that of the fun, 
cannot be fo fmall as it is here affigned. 


It 
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It is true, there is no way of knowing the exatt ratio of the 
denfities of the two luminaries; fince theory , for want of fuin¬ 
dent data , fails us here. And as to the method, by objerving 
and comparing the fpnng and neap tides * (whether we regar 
the quantities or times of them) it cannot be otherwise than very 
precarious ; considering the many obftacles and intervening 
caufes by which they are perpetually, more or lefs, influenced 
and difturbed. Upon the whole it therefore feems to me, that 
the beft method to fettle this point (as far as the nature of the 
fubjed will allow of) is from the obferved quantity of the nu¬ 
tation itielf; agreeable to what has been hinted on this head 
by that celebrated Aftronomer, to whofe accurate obfervations 
we owe this important difeovery. 


Let us, therefore, take g to denote the greatefl nutation of the 
earth s axis, as given by obfervation ; and then, if f be taken td 
reprefent the mean annual preceflion, given in like manner, 1 

will appear (by Prob. VII. Carol. II.) that ^ * <? is the 

part of the faid annual preceflion depending on the moon# 
whence th’e remaining part, owing to the fun, muft neceflari y 


bcf-'-^Xgi 


Therefore we have (by Pr°* 


3 *f— 

blem VII Carol. I.) as ^ x to or as 


J J e 

_to I, fo is the denfity of the moon to the denflty 0 

the fun; which, in numbers (making g= 18"), will con* 
out as 2,09 to 1. But if the value of g be fuppofed only 
fecond or two greater or lefs than 18", the refult will be f en 
bly different, as may be feen in the annexed Table ; wherei ’ 
befldes the ratio of the denfities, are alfo exhibited the me ^ 
quantities of the annual preceflion, depending on the force -' * 
the fun and moon, refpeftively; together with the gr ea * 
equation of the faid preceflion, as given by Problem VIP 
rollary III. 


* Sir Isaac Nexvtov, by this method, makes the proportion 
to 1 j and M. Daniel Bernoulli, only as aj to j. 


to be as 4> 
Create# 
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Greatefl 

nutation. 

Ratio of the 
denfities of 
the fun and 
moon. 

Annual precef¬ 
fion caufed by 
the fun. 

Mean annual 
preceffion cauf¬ 
ed by the moon. 

Greatefl equa¬ 
tion of the pre¬ 
ceffion caufed 
by the moon. 

Seconds 



Seconds | 

Third 

Seconds 

| Thirds 

Seconds 

Thirds 

l6 

i : 

M 1 

20 

3 

29 

57 

H 

5 8 

1 7 

1 : 

G77 

18 

I I 

3 1 

49 

15 

54 

18 

1 : 

2,09 

l6 

19 

33 

41 

16 

5° 

l 9 

1 : 

2,50 

H 

27 

35 

33 

*7 

46 

20 

1 : 

3, 01 

12 

35 

37 

25 

18 

42 


Were I to deliver my opinion which of the different cafes 
here put down anfwers belf to the phenomenon, and the gene¬ 
ral law of gravitation, I fhould, without hefitating, fix upon 
that preceding the laft; which, upon the whole, will be found 
to agree better with Dr. Bradley’s obfervations than any 
of the others : befides, though the obfervations on the 
tides cannot be relied on to any great degree of exaftnefs, yet, 
by them, it is fufficiently evident, that the perturbating force 
of the moon cannot be to that of the fun in a lefs proporti¬ 
on than of about 2* to 1. 

From the greatefl nutation, and the greatefl equation of the 
preccffion, given above , the quantity of the nutation and the 
equation of the preceffion, correfponding to any given pofition 
of the lunar node, may be very eafily determined : ios,firfi, it 
will be, by Corol. IV. 

As the radius is to the fine of the nodes diftance from the neareji 
equinoctial point, fo is the greateji equation of the precejjion to the 
equation fought. 

Which muft be added to the mean preceffion when the 
node (viz. the afeending one) is in any of the fix fouthern 
iigns; but fubtra&ed, when in any of the fix northern ones. 

Secondly , it will appear, by the fame Corollary , that the de- 
creafe of the inclination of the equator to the ecliptic, from the 
time of the node’s coinciding with the equinoctial point » s 
proportional to the verfed fine of the node’s prefent diftance 
from that point: whence it follows, that the faid inclination 
will be at its mean value when the node is in the folftice ; and 
confequently, that the difference between the mean, and true 
F 2 values, 
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values, will be as the difference between the verfed line of the 
node’s prefent diftance from ( Y > , and the verfed fine of 90 de¬ 
grees, that is, as the co-fine of the node’s diftance from T* 
Therefore, to find the nutation at any given time, it will be, 
As the radius is to the co-Jine of the node s diftance from the nearefi 
equinoctial pointy fo is the greateft nutation to the nutation fought. 

Which, to have the true obliquity of the equator to the 
ecliptic, muft be added, when the node is in any of the fix 
afcending fignsW, H» T> ti > IT; but, otherwife, fubtraded. 

The following Table, {hewing by infpedion, as well the 
equation of the preceftion, as that of the obliquity of the eclip¬ 
tic, is computed from the proportions here laid down j upon 
fuppofition that the greateft quantity of the nutation is 19 feconds. 


I The liquation ol the Freceihon 
Equinox. 

or the 


The .liquation 

ol the Obliquity 
Ecliptic. 

ot uie 

2? ’s & 

Sig. 0 

big. 1 

Sig. 11 

Subtr. 


])'s 

Sip. 0 

Sig. i 

sig. 11 

AUd_ 

from <v 

Sig. Vi 

Sig VII 

sig-VUi 

Add 


from v 

Sig. Vi 

Sig. VI l 

Sig.VIiI 

Subtr^ 

beg. 

Seconds 

seconds 

Seconds 

Deg. 


Ueg. 

Seconds 

Seconds 

Seconds 

Deg. 

0 

0,0 

8,8 

! 5»3 

3 ° 


0 

9 >S 

8,2 

4-7 

3 ° 

5 


10,1 

16,1 

2 5 


5 

9,4 

7,8 

4,0 

2 £ 

10 

3 *° 

n ,4 

16,7 

20 


10 

9>3 

7>3 

3*3 

20 

*5 

4>5 

12,5 

17.2 

*5 


*5 

9,2 

6,7 

2,4 


20 

6,0 

, * 3 , 6 

l 7>5 

10 


20 

9,0 

6,1 

*»7 

10 

2 5 

7>4 

1 4-5 

l 7*7 

5 


2 5 

8,7 

5>5 

0,9 

5 

30 

8,8 

1 5’3 

i 7»7 

0 


30 

8,2 

4,7 

0,0 

0 

Subtr. 

Sig. V 

Sig. IV | 

Sig. 11! 

j’sa 


Subtr. 

Sig. V 

Sig. IV 

Sig. Ill 

))’* 8 

Add 

sig. Xi 

Sig. X 

Sig. IX 

fromfy' 


Add 

Sig. XI 

Sig. X 

Sig IX 

from T 


I5 , To place what has been delivered above in another view, 
fuppofe PE to be equal to the mean diftance of the pole of the 
equator from the pole E of the ecliptic in which (produced) 
let there be taken PA and PB equal, each, to half the greateft 
nutation ; and about AB, as an axis, conceive an ellipfe ACBF 
to be deferibed; whofe other axe CF is to AB in the ratio of 
the co-fine of 2EP to the co-fine of EP (that is, in numbers, 
as 7444 to 10000, or as 3 to 4, nearly); then, if the point P 
reprefents the mean place of the pole of the equator, the true 
place will always be found in the circumference of the faio 
ellipfe. And if, on the diameter AB, a circle ADBG be alfo 
deferibed, and the angle APS be made equal to the diftance of 
the node from the equinodial point ; then, I fay, a perpen¬ 
dicular SR/>, falling from the point S upon the diameter AB> 
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will interfeCt the circumference of the ellipfe in the point where 
the pole of the equator (p) is, at that time, pofited. For, 
firft, it is clear, from what has been already remarked, that 
AE and BE will be the greateft and lead: diftances of the two 
poles, as being equivalent to the refpedtive inclinations of the two 
planes, the equator and the ecliptic : from whence and Corol. 
IV. it is manifest, that ER or Ep will be the true diffance of the 
faid poles, when the verled fine of the node’s diffance (APS) 
from <Y> is AR. Moreover, by conftrutfion , CP : AB :: -L the co- 

fine 2EP : co-fin. EP; that is, in fpecies, CP : AB :: bb — aa 

: b. And, p. fpberics, tang. PEC : tang. PC (:: PEC : PC, 
nearly) :: rad. (i) : a. Therefore, by compounding thefe two 

proportions, we have PEC : AB : : b h~ aa ; a b :: bb — aa : 

2 

2 ab: which proportion, for finding the angle PEC, is the very 
fame with that determining the greateft difference of the mean, 
and true longitudes, as given by Corol. III. Whence it eafily 
follows, that the angle RE/> will exprefs the difference of the 
mean and true longitudes, at the given pofition of the node; 
fince, as the radius : fine APS (:: PD : RS :: PF : R/>) : : the 
angle PEC : the angle RE/>, as it ought to be, by Corol. IF. 
The ratio of CF to AB is here determined to a geometrical 
exaCtnefs, as no-ways depending, either, on the denfity of the 
moon, or on any other phylical hypothefis. 

Having now laid down the general proportions for the nu¬ 
tation of the earth s axis, and the preceffion of the equinox, 1 
fhall here fubjoin the neceflary rules for determining how 
much the declinations and right-afcenfions of the ftars are af¬ 
fected by thofe inequalities. 

i°. For the alteration of a ftar’s declination, and right-afcen- 
fion, arifing from the nutation of the earth’s axis ; it will be 
As the radius is to the fine of the ftars right-afcenfm> fo is 
the nutation (or the given alteration of the equator s inclination to 
the ecliptic) to the alteration of the ftars declination , caufed by 
the nutation ; 

And , as the co-tangent of the Jlars declination is to the co-fine 
°f its right-afcenfion , fo is the nutation to the alteration of the 
fiars right-afcenfion , correfponding. 2°. For 
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2°. For the alteration of the liar’s declination and right-af¬ 
cenfion, arifing from the preceffion of the equinox ; it will be 

As the co-fecant of the^cbliquity of the ecliptic is to the co-fine 
of the fiars right-afcenfion, fo is the precejfion of the equinox (or 
the alteration of the fiars longitude) to the alteration oj the fiars 
declination, caufedby the precejfion ; 

And as the co-fine of the fiars declination is to the co-tangent of 
its angle of pofition , fo is the alteration of declination , found by the 
lafi proportion , to the alteration of right-afcenfion, anjwering thereto . 

Any one, but little acquainted with the fphere, will eafily 
fee when thefe equations are additive, and when fubtradtive : 
nor will it be at all difficult to comprehend the reafons upon 
which they are founded ; they being nothing more than fo 
many particular cafes of the general relation fubfifting between 
the fluxions of the fides and angles of a fpherical triangle *. It 
will not, however, be improper to remark here, that, when 
the quantity of the preceffion, in the fecond of the preceding 
cafes, amounts to fome minutes , it will be neceflary, in order 
to have the concluflon fufficiently exadt, to make ufe of the 
mean right-afcenfion, at the middle of the given interval; which, 
from the given right-afcenfion at the beginning of the interval, 
may be eftimated near enough for the purpofe, in moll cafes, 
without the trouble of a calculation: but in other cafes, and when 
the utmoll exadlnefs is required, it will be neceflary to repeat 
the operation. 

It may not be improper to obferve likewife, that, hefides the 
equations depending on the pofition of the lunar nodes, com' 
puted above, there is a fmall motion of nutation and preceffion 
arifing from the moon’s declination; whereof the greatefl: quan' 
tity is to the greatefl: quantity of that depending on the fun, in 
a ratio compounded of the ratio of the denfities of the tw° 
bodies, that of their periodic times, and that of the fines of m e 
inclinations of their relpedtive orbits to the plane of the equa¬ 
tor, nearly (as appears by Prob. IV. and VI.) Whence it 
evident, that this part of the nutation, depending on the moon s 
declination, cannot, in any circumflance, amount to more than 
about ^th of a fecond ; a quantity too fmall to merit attention 
in the practice of Aflronomy. . 

* See my Do firing of Fluxions , Part II. Se£t. I. RcfftClT 
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Remarks on fome Particulars in the preceding Theory 
and Calculations ; in order to explain and obviate 
certain difficulties and objeElions that may thejicc 
arife. 

I T may be obferved, in the firft place, that we have, all 
along, confidered the effeds of the fun and moon fepa- 
fately; and, confequently, have fuppofed them to be no-ways 
influenced or difturbed by each other. This may feem too 
bold an aflumption ; efpecially, as it is known that the tides, 
which are produced by the very fame forces, depend upon, 
and are greatly varied by, the different pofitions of the two lu¬ 
minaries. 

To remove this objection, let ^SM— reprefent the plane Fig. 16. 
of the earths equator O-;, its interfeftion with the plane of ° 
the ecliptic, ?pS the right-afcenfion of the fun, and <r>M the 
right-afcenfion of the moon; and let the forces of the two 
bodies to turn the earth about its center, in thofe pofitions, be 
reprefented by f and F, refpe&ively. 

Thefe forces may be confidered as acting perpendicular to 
the plane of the equator in the points S and M, and will be 
equivalent to, and have the fame effeft with, one Angle force, 
equal to them both, acting in their center of gravity N. But, 
by mechanics, the force/-fF, afting at N, will (if the radius 
P be drawn through N) be equivalent to another force, a<fl- 

ing at P, exprefled by/-j-Fx- 2 ^, or/-|-Fx (fuppof- 

ing NQ, PR, as alfo SB and MC, to be perpendicular to 
TO-;). r ^ 

But the quantity of the precefilon, during a given moment 
°f time, is known to be as the force, and as the fine of the 
fight-afeenfion, conjunftly (by Frob. III.); from whence the 
two quantities arifing from the fun and moon, confidered fepa- 
tately, are expounded by/ X SB, and FxMC, refpedtively. 
t5ut , fuppofing both bodies to aft together, or, which is the 

fa me, fuppofing one fingle force, expreffed by 

to 
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to ad at P, the quantity of the preceflion will then (by the 
very fame rule) be truly defined by/+ Ex = x PR, or its 

equal /-f PxNQ^ which quantity, by the property of the 
center of gravity, is known to be equal to/ x SB F x MC. 
Hence it is manifeft that, whether the forces of the lumina¬ 
ries be joined together, or treated apart, the refult will be the 
fame. 

The next difficulty, relates to the excentricity of the lunar 
orbit, and the inequality of the motion in that orbit; which 
may be thought fufficient to occafion a fenfible deviation from 
rules founded on a fuppofition that pays no regard to them. 

7 . In order to clear up this point alfo, imagine ADBE to be an 
ellipfe, in which the moon is fuppofed to revolve, about the 
center of the earth, placed in the lower focus F of the ellipfe : 
let AB be the tranfverfe axis of the ellipfe, perpendicular to 
which, through F, draw the ordinate IH ; moreover let there 
be drawn any two other lines DE, de, through the focus F, to 
make a very fmall (given) angle DF</ with each other. 

The perturbating force of the moon, at the diftance DF> 
will (by Prof. I. Corol. II.) be, inverjly , as the cube of that di¬ 
ftance ; and the time of deferibing the given angle DF<f wilb 
it is well known, be direltly as the fquare of the fame diftance. 
Therefore, by compofition, the quantity of the moon’s adion, 
during the time of deferibing this angle, will be in the fimpl e 
ratio of the faid diftance, inverjly. Hence it appears, that the 
fum of the forces employed, during the times of deferibing the 

oppofite angles DF/ EF^, will be truly defined ty 

. FE + FD 
or its equal y^y^ - 

Upon AB let fall the perpendiculars DN and EM ; fo (hw 
FE — FH : FI (FH) — FD :: FM : FN (f. ellipfe) :: FE '• 
FD (p.fim. triang.) : confequently FE xFD — FH x Fl/ f/ 
FH x FE — FD x FE, or 2FE x FD = FH x FE + FD • 
therefore, as it appears from hence that t ^ ie mea ^ urC 

of the faid forces, is, everywhere, equal to the conftant quan- 
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tity it is evident that the excentricity of the orbit and the 

pofition of the apogee have no effect on the motion of the 
earth’s axis. 

An objection may, perhaps, arHe, with regard to the addi¬ 
tion of the forces employed by the moon in oppofite parts cf 
her orbit; which ftep may be looked upon as arbitrary: but 
the reafon upon which it is founded will be clear, by confider- 
ing that the moon’s inclination to the plane of the equator, 
in oppofite points of her orbit, is always the fame ; and that, 
therefore, the very fame effect in the alteration of the pofition 
of the equator will be produced, whether the whole force 
employed during the defcription of the eorrefponding oppofite 
angles, be equally, or unequally, divided, with refpe< 5 t to the 
find angles j fince the faid force a&s with the fame advantage, 
or under the fame circumftance of declination, in both cafes. 

Another difficulty that may arife, is in relation to our having 
made the effect of the fun’s force to be about ' part lefs than 
the quantity refulting from calculations founded on hydroflatical 
principles and the hypothefis of an uniform denfity of all the parts 
of the earth. But, that the phenomenon cannot be truly accounted 
for, upon this hypothefis, appears from the concurrence of all 
experiments in general: for, whether we regard the menfura- 
tion of the degrees of the earth, the accurate obfervations of Dr. 
Bradley, or the proportions and times of the tides, the cafe is 
die fame, and requires a much lefs effe& from the action of the 
fun than refults from, or can confifl: with, the faid hypothefis. 

But if the denfity of the earth, inftead of being uniform, is 
fuppofed to increafe from the furface to the center (as there is 
the greatefi: reafon to imagine it does), then the phenomenon may 
Be eafily made to quadrate with the principles of gravitation ; 
and that according to innumerable fuppofitions, relpedting the 
Jaw whereby the denfity may be conceived to increafe. 

Thus, conformable to the hypothefis laid down in the Scho- 
Bum after Prob. V. the motion of the equino&ial points will 
Be in proportion to the motion of the fame points, when the 

denfity is fuppofed uniform, as V7r 5 * v .jlJ to j, that is, 

v + p + sxvTr+ 5 

G 


as 
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as i — _ i s t 0 i : therefore, by making i 

d<p x 7r ~ i __ j — JL (agreeable to what has been above 
v + <P + SX w+5 3 _ 

obferved), we fhall have ■ - 1 -- == — : by means 

w+P+ 5 xw + 5 3 

of which equation, the relation of tt, <p, and v may be fo al¬ 
igned, as to give the true quantity of the preceffion, and that 
innumerable ways. As one inftance hereof, let us fuppofe 
-tt = 2, or that the denfity at the center is juft double to that 
at the furface; and let the value of <£> be fuppofed very great, 
or, which comes to the fame, let the Jirata in the lower parts 
of the earth, be fuppofed very nearly fpherical, or orbicular: 

then our equation will become ——-— V - ■ — ; which, 

^+0 + 5 x 2 v -f- 5 3 

becaufe <p is fuppofed very great, will be ncar ' 

ly 5 whence v is given = 5 : fo that, according to this hypo¬ 
thecs, the decreafe of denfity, in going from the center of the 
earth to the furface, will be in the quintuplicate ratio of the 
diftances from the center. 

No One can imagine that we pretend here to afcertain the 
ftnnflure and denfity of the interior parts of the earth: all that 
is attempted, is to ffiew (which indeed is all that can be done; 
that the preceffion of the equinox may be truly accounted & 
upon the principles of gravitation , though not in the hypothecs 
of an uniform denfity of all the parts of the earth, unlei s 
by affiiming the difference of the leaft and greateft diameters 
much fmaller than it is found to be, either, from hydroftatic* 
principles, or by an adtual menfuration of the degrees of t 
earth’s meridian. 

There remains yet another particular that I cannot avoid tak¬ 
ing fome further notice of; which is the wide difference to 
found between our conclufion, in Prob. IV. Corol. I. and tf a 
brought out by Sir Isaac Newton (in Prop. 39. Book IIB V 
his Princitia) from the very fame data. 


I am 
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I am fenfible that this is a delicate point to touch upon but 
then I know likewife, that I might leave my Readers diflatisfied 
were not I to endeavour to point out the caufes of the faid dif- 
erence. At firft I had, myfelf, a ftrong fulpicion that I had, 
^omewhere, fallen into an error; which put me upon attempt¬ 
ing the folution by different methods, as the molt prooer wav 
to arnve at certainty, and to difcover the mirtake, if any inch 
had crept into my calculations. Two of thefe methods I have 
given; the others feemed unneccffary. The ex-aft concurrence 
ot them all, firft made me think, that it was not impoflible but 
there might be a fault in that Authors folution; and occafion- 
ed my looking into his method with a more particular attenti¬ 
on than 1 had before regarded it with. 

y hat ? at £ rft > f e=med moft doubtful to me was his hypo- 
thefis, that the motion of the nodes of a ring would be the lame, 
whether the ring -were fluid, or -whether it conffled of a hard rivid 
matter *: this, I fay, did not feem at all clear/at firft ; but 
upon recollefting the demonftration of my fecond Lemma 
(wherein this point is fully, though not direftly, proved) I was 
oon convinced that the fault (if fiich there was) muft be 
owing to fomething elfe. 

In the next place, his third Lemma did not appear to me 
fo well grounded as the two preceding ones. In this Lemma 

^ folurfon" 

nd the fame plane (tl eji certain que des lunes ifolies riauroient pas toujours /curs 
‘Wres places dans un memeplan). Now if, by this, we are to underhand, that 
ne deviation from a plane is fomething fenfible in comparifon of the nutation in 
Mueltion, what is advanced is repugnant to what is demonftrated in our fecond 
^emma. But if an exceeding fmall deviation (depending on the fecond term of 
lenes) be only intended (and fuch it muft be, if any thing at all), fuch a fuD- 
FiT W,H noth,n S againft our Author’s afTumption; as, in phyfJal 
fel^ 5 ’ a p " fea accura cy JS not to be expected. This learned gentleman him- 

W hTth^W 6 ,?°“F ° f 311 thC PartiC,CS ( ° r the rin S of moons) as 
it m^u 11 ^ me Pboe, produces no error in the conclufion : from whence 

othe&r: t°r me 'a T-' f C ima g incd > that the hypothecs itfelf^uld not be 
Auth^ than true *. And feems farther plain to.me, that, whatefljr lights that 

his | S 7 ghtS In thc f ° Ut,on of this Prob,em capable of being placed, 

real miftakes are two only. b r 

G 2 
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he determines, that the motion of the whole earth about its axe, 
arifing from the motion of all the particles , will be to the motion 
of a ring about the fame axe , in a proportion compounded op the 
proportion of the matter in the earth to the matter in the. ring , and 
of the number 925725 to the number 1000000. This propor¬ 
tion is, indifputably, true, in the fenfe of the Author: but 
there is a difference between the quantity of motion, fo con- 
fidered, and the momentum whereby a body, revolving round 
an axis, endeavours to perfevere in its prefent ftate of motion, 
in oppofition to any new force impreffed. Now it feems clear 
to me, that it is this laft kind of momentum that ought to be re¬ 
garded, in computing the alteration of the body’s motion, in 
confequence of any fuch force. And here every particle is to 
be confidered as afting by a lever terminating in the axis of 
motion: fo that, to have the whole momentum fought, the 
moving force of each particle muft be multiplied into the length 
of the lever by which it fuppofed to aft: whence the momen¬ 
tum of each particle will be proportional to the fquare. of the 
diftance from the axis of motion; as it is known to be in find¬ 
ing the centers of percuflion of bodies, which depend on the 
very fame principles. 

Now, according to this way of proceeding, it will be found, 
that the momentum of the whole earth (taken as a fphere) will 
be to the momentum of a very flender ring, of the fame dia¬ 
meter, revolving in the fame time, about the fame axe, in a 
proportion compounded of the proportion of the matter in the 
earth to the matter in the ring, and of the number 800000 to 
the number 1000000. Which proportion, therefore, differs 
from that of Sir Isaac Newton, given above, in the ratio of 
800000 to 925725 : fo that, if his refult, which is f'f 20 > 
be increafed in this ratio, we fhall then have 10" 3 3^', for the 
quantity of the annual precefhon of the equinox, arifing fro 1 ? 
the force of the fun; allowing for the above-mentioned dif¬ 
ference. , 

It appears further, by perufing his 39th Propofition, that h e 
there affuBies it as a principle, that, if a ring, encompafftng 
earth, at its equator ALzL (but detached therefrom) was to ten > 
or begin, to move about its diameter LI with the fame accelera^ 
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and the different Motions of the Earth's Axis . 

tivc force, or angular celerity, as that whereby the earth itfelf 
tends to move about the fame diameter, through the a&ion of 
the fun (at S); that then the motion of the nodes of the ring 
and of the equator would be exactly the fame . Now this Fig. 8. 
would indeed be the cafe, were not the effects of thefe forces 
whereby the two bodies tend to move about the diameter LI, 
to be influenced and interrupted by the other motions about 
the axe of rotation Pp, and that according to a different ratio, 
depending on the different figures of the earth and ring. 

A fphere, let the direction of its rotation be which way it 
will, that is, let it move about what diameter it will, has al¬ 
ways the fame momentum , provided it has the fame angular ce¬ 
lerity : but the momentum of a, very flender ring, revolving 
about one of its diameters, appears (by Lem.Wi) to be only 
the half of what it would be, if the revolution was to be per¬ 
formed in a plane, about the center of the ring. Whence it is 
evident, that the ring ALzL, to acquire the lame motion of 
precefiion and nutation with the earth’s equator, ought to 
tend to move about the diameter LI with an accelerative force 
double to that whereby the earth itfelf tends to move about the 
fame diameter, through the aftion of the fun: fince, in this 
cafe, the quantities of motion, or the momenta , generated in 
the two bodies, during any very fmall particle of time, would 
be exactly proportional to the refpe&ive momenta of rotation, 
whereby the bodies endeavour to perfevere in their prcfent date 
and dire&ion of motion, in oppofition to any new force im- 
prcffed. Hence it follows that all conclufions, relating to the 
change of the pofition of the earth’s axe, drawn from the prin¬ 
ciple above fpecified, muft be too little by juft one half; and 
Confequently that the quantity of the annual precefiion of the 
equinox, arifing from the action of the fun, ought to be the 
double of io // 33 /l/ ; which is 21" 6"', and agrees, to a third , 
with what we before found it to be, by two different methods. 


A 




A very exa& Method for finding the Place of a 
Planet in its orbit, from aCorre&ion of Ward’s 
hypothecs, by means of One, or more Equations, 
applied to the motion about the upper focus. 


Fig. l8 - ABPC be the ellipfes in which the planet revolves 

about the fun in the lower focus S ; let F be the up¬ 
per focus, and M and m any two places of the pla¬ 
net indefinitely near to each other ; and let FM, Fin, 
SM, Snt be drawn, as likewife MN, perpendicular to the greater 
axis* AP : from the center F, with the radius FD = i, let the 
circumference of a circle DE<? be defcribed, and from its inter- 
feftion with FM draw EH perpendicular to AP : put AO 
(= 0 ?) = a, OB (— OC) OF (=OS) = c, FM ==u y 
PH = x, EH = y , DE = and Ee = z : then SM being 
AP — FM) = 2 a — u, by the nature of the ellipfes, and 

FN (— FH x = xu , we have, by a known property of 

^FM (2a x 2a—2u) = zSFx ON 


triangles, SM+FM x SM- 

(4c x c + xu) : from which equation u (FM) is found == 
t f- — ——— (becaufe bb = aa — cc) : whence SM (= 

a -f c x a -{- cx v y 

— u) is alfo had in terms of *, being = aa + cc + — . 

Now the area EFe being expreffed by \z (= FE x jEy 
we have FE 1 (1) : FM 1 :: ±z : the area MFm = \z X FMl • 
Therefore, the angle SM/« being equal to FMA, or F in 
(by the nature of the curve) we alfo have FMxMw : Swx^M 
(or FM : SM) :: the area ({z x FMV) of the triangle FMm * 
the area of the triangle SM/tz = [z x FM x SM (Eletn. 23* *•/ 

_ X aa -}- cc -f- 2 acx ±tfz -J- * 1 — ** } -p 

a -f- cx) 1 J+TxP 

** ‘ = - = the fluxion of the area ASM. In order to find the 

fluent 
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A very exaSl Method for finding, , &c. 

fluent hereof, let j. 1 ■, be refolved into the feries -I_. 2c * 

- a 4 - cx \ a 1 

WV. (whereof the two firft terms will, here, be fufficient) by 

which means our fluxion will become 

which, becaufe yz = x,^ and xz — y, will be reduced to 

2 "I” ~Ta r x xy ~r ~5 w'hofe fluent will therefore be 
truly expreffed by \b'z + ~y. area DHE — or ±b‘ z 

i b % c* — -7 £Vy 3 . 

x ^ ~~yjT (^ ecau ^ e area DHE = |DE 

L“. 7 , :HFx , F d H = ■:* - i»j). This expreflion, when 
M coincides with P, and z is = the femi-circumference DEK 

(=/). will become -f- -f- ~ = l -~ (fuppofmg d =z i -f. 
= the area of the femi-ellipfis ABP. Therefore we have. 


laa ' 

as 


b x dp _ £Vz 


* • 2 -p- (= the area ASM) :: p (— 

the length of an arch of i8o«) • - _ CZ — ^ 

Jength of an arch (A) exprefling the planetVmea^Anomaly : 

from which equation, z = A 4- c fj \ _ A , f * 

-_ 2fl *>'J ' j,v “ " T x 

, 22 +1^7 x f ”^ 5 (becaufe X y, or co-fin.z x fin. « — 

( fin 2z )^ where the two laft terms being very finall in com- 
panfon of the others (and, therefore, z nearly L A), we may, 
•Wtead of fin. z and fin. 2Z, fubftitute fin. A and fin. zA-, by 

Which means we have z=A -f_£C. x fin. 2A -f ~ x foTA )\ 

Prom whence it appears, that, in order to have the angle AFM 
t the upper focus, the mean anomaly (A) of the planet at 
time given, mull be increafed by the quantity, or correc- 

ti0n p 7 Xfm - 2A + ^ x fin~Al 3 . 

a J“ t0 fT e c tHe Value of . this correction in feconds of 
gre^ (which in pradice is the moil commodious) it 

will 


A very exaB Method for finding 

* » $ ( *i 8 of feconds in ,h» n,ch> <b » 

xfin. 2A + t0 S 1 * 6 ? * 77 xfm - aA + 

J7JJ3 x i x O’ = the number of feconds in the faid 
correttion "the logarithm of the latter term of which will, 
therefore, be = j,. 3^3 ~ *&■ * + 3 ' + 3 l °§' ^ A1 

and that of the former = 4 > 7 I2 3 l°g*^ "f 2 lo S-J + log ' 

fin ,a But to render thefe expreffions ftill more convenient 

r A k; rP t he log of d, by reafon of its fmallnefs, may be, 

« cfe fo aStorf. » b, n«iy • 

mean’ of what it is known to be in the planetary orbits. Ac¬ 
cordingly, by affuming the excentricity c = — of the mean 
f w hich is a fmall matter lefs than the excentricity ot 
mZ bliT fom^g greater than thefe of the Moon, Saturn, 

and Jupiter), the value of d (=>+£) wiU be = I > 0 ° 32 ’ 
and its logarithm = 0,00,4. Whence: the log. of the former 
part of our corredtion, by fubftituti ng this value, will be 5 ’_JL- 

4. 3 log. i- + 3 log- fin. A = 3 x 1,7123-flog. ^- +log. f A i 

and that of the latter = 4,7 10 9 + 2lo S'7 + log ' fin ’ zA ' 
which, expreffed in words at length, give the following 

Practical Rules. 

To the fum of the conftant logarithm 1,7123 and » 
log. of the excentricity in parts of the mean diftance, ^ 
the log. fine of the mean anomaly; the f um (rejefting 
dius) being tripled, will give the log. of the firft equation 1 
feconds) to be added to the mean anomaly. ^ 

2°. To the fum of the conftant log. 4,7109 and twice 
log. of the excentricity, add the log. fine of twice the _ 
anomaly ; the fum (rejefting the radius) will be the log. o ^ 
fecond equation ; to be added or fubtrafted, according 
mean anomaly is lefs, or greater than 90 degrees. 
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the Place of a Planet in its Orbit . 

Here, and in what follows, the anomaly is to be always 
reckoned from, or to the aphelion, the neareft way ; in which 
the feconds may be omitted, in computing the propofed cor¬ 
rections. Which corrections being made, the true anomaly, 
or angle at the lower focus, will be had from the common 
proportion, by faying, as the aphelion-diftance is to the peri- 
helion-diftance, fo is the tangent of half the mean anomaly, 
thus corrected, to the tangent of half the true anomaly fought. 

As an example of the ufe of the method here laid down, 
let the excentncity be iuppofed = 0,048219 (being that af- 
ligned, by Dr. Halley, to the orbit of Jupiter) and let the 
mean anomaly be 45 0 . 


2 log. excent. . . . 3,3664 
+ conft. log. . . . 4,710Q 
— log. for 2d cqu. 2,0773 
log. fin. 2 anom. 10,0000 
2d equ. = 11 94" 7,0773 


Then, log. excent. . . ^6832 
+ con ft. log. . . 1,7123 
= log. for ift equ. 0,3955 
log. fin. anom. . . 9,8494 
0,2449 

firft eqa^= 5^-" 0,7347 

From 1,978537 = log. of perihelion-difl. 0,951781, 
fubtr. 0,020452 = log. of the aphelion-dift. 1,048219 ; 

therem. 1,958085, willbea(jd) conft.log. for thisorbit: to which 
add ,9,6.7596 = log. tang. ; cor. anom. 22“ 32 
. i ° f j £’575 1 — log. tang. ■[ true anomaly 20° 37' 40": 

iuired. ’ 4 ,J 2 ° > is dlerefore *e true anomaly re- 

The fame excentricity being retained; let the mean anomaly 
Pf> now, Iuppofed 120 degrees. 

Then, log. fin. anom. 9,9375 log. fin. 2 anom. . . 9,9375 

log. for firft equat, 0,3955 log. for 2d equation 2,0773 

0 . 333 ° 2d equat. = 103 j" 2,0148 
firlt equat. = 10" 0,9990 

Hence ,20° + 10" — T43= n 9 « 58' 26;" = the cor. 
^omaly. 

Theif. log. tang, i cor. anom. 59° 59^ 13i- /r . . . 10,238331 
-j- third conft. log. for this orbit .... 7,958085 
= Io S- tan g* t true anom. 57 0 32' 10" 10,196416 

H Whence 
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A very exaEi Method for finding 

Whence the anomaly itfelf is given = 3 ‘ 2 5 ° 4 ' 20 "- 
If the excentricity be affumed = 0,066777 (being the 
greateft that Dr. Halley gives to the lunar orbit) the 
conftant logarithms, to be added to the fines of the mean ano¬ 
maly and o S f its double, will be 0,5369 and 2,360. : whence if 
the faid anomaly be taken = 50° (at which, according to the 
DoBors Table, fro cxtediendo calculo aquattoms centnluna, the 
whole correction is a maximum), the former part of the ai^ 
correction will be found = 182", and the latter part 22 5 * ' 
therefore the fum of both is 244", or 4' 4 j agreeing, exaffly, 
with the quantity given in the Table. And m the very f 
manner, the proper corrections correfpondmg to other ailom - 
lies and excentricities may be computed) the error never 
amounting to above a fingle fecond in any of the planets, ex¬ 
cept Man and Mercury : in the place of Man, the greateit 
error will be two or three feconds; and m that o( Mercury, 
about as many minutes.—As to the Earth and Venus, the 
cond equation, alone, jvill be fufficient to give their places to 

lefs than a fecond. ... . 

To obtain a farther correction, which will be nec 
fary when’ the orbit is very eccentrical, we may (inftea 
the two firft only) make ufe of a greater number of term 


tne two nut uiv 

1 2ex , V 3 x 3 r# c , * — ); 

the fenes ^ ) 


by 


which means the fluxion ■ 


I of the area MS A 


deferibed about the focus S, which is proportional to the time. 

will be here reprefented by _ ____ ~ lfrr0 , 

\b'z + {V * 7 fz — 2efxz + 3 &y — vy X‘Z 

pofing e — -). But it is well known that y (fin. 21 

= a _ J- co-fin. 22 ; whence yx (= / X co-fin. *) == iff 
fin. 2 — ; co-fin. 22 X co-fin. 2 = 4 co-fin. 2 — j r co-fin- ; ,> x 
co-fin. 32 * = co-fin. 2— ( co-fin. 32; and therefore y 


CO - 


the 


* This, and all that follows to the fame purpofe is nothing more than 
application of the Theorem, That the rediangle of the co-fnes of any 
(the radius being unity ) is equal to half the fum of the co-ftrus of J 
difference of thofe angles. ^ 
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the Place of a Planet in its Orbit . 


= ~ co-fin. z X co-fin. 2; — ~ co-fin. %z X co-fin. z = j -f co¬ 
fin. 2 z — -f co-fin .'2a — -J- co-fin. 42; = y — y co-fin. 42;: whence 
alio y*x* = f co-fin. 2; — •£ co-fin. 42; X co-fin. 2; = -J co-fin. 2r 
—. co-fin.32 — yV co-fin.52;. Which values being now fub- 

ftituted for their equals, our fluxion, above given, will become 
[b x z -|- \b x into £ x X {z —- ~ x 2 z co-lin. 2 z — 

2<?3 x jz co-Lz —,- T X 3zco-f. 3^— [— 3^ x Iz — T * r x 4z co-f.4g 
■— 4^ x h z co-f.z — x 3- co-fi 3 z — -/ 0 -x 5 xco-f. 52; 4"^* 
and, confequently, the fluent thereof = ±b z -f- \b x into 
e' x ~z — j fin.22: — 2<? 3 x-J f. z — T ‘ T f.32; -f- lz — —fin^z 
■— 4 <?s x Ifinez — -‘g-fine 3 Z — T Vf ine 5 Z == into 
1 4- ±e l -j- \e+ x 2; — {e* + z^ 5 x fi n - z — |^ l fin. 22; -f- 


> 3 + -,\* s X fin- 3 Z — —fin- 4 Z + fin- 5 = (fuppofing all 

fuch terms wherein rifes to more than five dimenfions, to be 
difregarded). This expreflion, wh en z =/> (= t he femi-cir- 
cumference AEK) becomes {P x i 4" V* + ^ x P — 


\b'pxT—-ee 


—* 


\rp 


Ji~i i 


-tffl — l abp = the area 


of the femi-ellipfe ABP. Hence it will be, as } { abp (area 

ABP) : ytf&s — x y <? 3 4 “ X ^ in - z — x i^fin. 2z &c. 
(area ASM) :: p (the length of an arch of j 8o°) : z — 

ix-^ + i^xkz—-x-fin.22J &c. = the length of the 

a 1 1 a 4 

arch exprefllng the planet’s mean anomaly : whence, by 
fiibftituting/ = we have — i -\-e'x\feHm.z — 

ife' fin.22 + r+I7x^fm.32: _^-xfin.+z +£ x fine 


Now, to find from hence the value of z, in terms of A and 
the fines of its multiples, we may, for a firft approximation, 
a fiume i+e' X ^3 fin. * 4 - jfe' fin. 22; Sfc. as equal to 
1 4 ;^' X -^y^ 3 fin* A -f- -J-y^fin.2A — 1 4 * \ e% x -^/^ 3 fm. 3A Gfc. 
which lafl: quantity being denoted by we ihall have A = 
« — Q, and confequently z = A -f- 
H 2 


But 
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But fin. 2 (= fin. A+~Q) = fin. A x co-fin. Q + fin. Qjc 
co-fin. A = fin. A + Qx co-fin. A, nearly (becaufe QJ>eing 
very fmall, its co-fine will differ infenfibly from the radius, 
and the fine very little from the arch itfelf). In the fame 
manner, f. 2 z (= f. 2A + 2Q) = f. 2A + 2 Qj< co-f. 2A, fin. 3* 
— f.3 A + 3QX co-f.3 A, &c. Which values being therefore fub- 
ftitu ted in the given equation, it will become A — z—^ £& 

1 _ |_ e n - x -fe^co-L A-f iy^co-f. 2 A — 1 - f- x ~fe^ co-f.3 A &c~ 
But the firfi: term of the feries, 1 +e z x \fifl co-fin. A, drawn- 
into — Q (if all terms having more than five dimenfions. 
of e be neglected) will be barely — \fe 3 x co-fin. A x —* 
±fe z fin. 2 A = — X co-fin. A x fin. 2 A = — -rtf e* x 
fin. 3A -f- fin. A. 

In t he fame manner ^'co-fin. 2 A x — OiF — \fi % co-fin- 
2A x in. A -|- ±J‘e~ fin. 2A — y/g 3 fin. 3 A — — \f e ? * 
fin.3 A — fin. A —tV/ 1 * 4 x fin * 4 A + t^A 5 x fin. 5 A-ffin. A? 
And, laftly, — 1 + X co-fin. 3 A x — Q^jqual to 
4/g 3 co-fin. 3A X Ql= X co-fin. 3A x -Je' fin. 2A 
= ~ z f z e^ x fin. 5A — fin. A. The fum of all which will 
be T^f z e*> fin. A — -fzfie* fin.3 A — ~ ?: /'V 4 fin..4A 
fin. 5A ; which added to 2: — Q (or its equal , z — 1 -f- e*__ X 
l -fe^ fin. A — y'e fin. 2A, &c,\ gives A _ 2 — j -f- e l — 
x T^fin- A — y/fin. 2A -f- 1 + — jf/ x i* 3 /fin. 3A — 

3/-]- 2/^ x ^fin*4A -J- T V/+ tV/^ 5 x fin.5A, From whence 

we have z r= A -j- 1 X A -f- {efi&n. 2A 

1 — X -^'/fin^A -f- fin.4A — fin.5A, very near; 

becaufe in all terms having more than three dimenfions of 
the quantities j and f may be ufed indifferently, for each other? 
without producing any errors but fuch as confifi: of more than 
five dimenfions of the converging quantity e. 

But, fince it is known that fin. 3A = 3S — S 3 , and fin* 
5A = 5S — 20S 3 -f- i 6 S 5 (S being the fine of A) we fhalb 
by fubftituting thefe values in the 2d, 4th, and 6th terms (after 

7 D * proper 
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proper reduction) have z = A + i + ^eexjefS^ _iZl^Ss 

+ j^/xfin.2A + i|Cxfm.4A. Hence it appears that 

2 a+ i^f. 4 a 

will exprefs the number of feconds, to be added to the mean 
anomaly, in order to have the angle AFM at the upper focus 
of the ellipfis, corresponding to that anomaly. From whence is 
deduced the following method of calculation. 

Let F denote the logarithm of half the lefler axis divided 
by half the greater, E the log. of the eccentricity divided by 
half the greater axis, G die log. of the fum of the fquares of 
half the greater axis and twice the eccentricity divided bv the 
fquare of half the greater axis. 

Take P = 1,71277 + E + J-F + ±G, 
0^=1,14130+ E+i-F, 

R = 4 > 7 I2 3 6 + 2E + F, 

# S = 4,5°8 2 4 + 4E + zF ; 
then the logarithms of four equations (in feconds), to be ap¬ 
plied to the mean anomaly (A), will be 


3 x P + log, fin. A — log, rad . 

5 x Q + f°g* fin. A — log. rad. 

R + log. fin. 2A — log. rad. 

S + log. fin. 4A — log. rad. 

Of which equations the firft is always to be added, and the le- 
cond always fubtra&ed j the other two being to be added, or* 
fubtradled, according as the lines of their refpe&ive arguments, 
2A and 4A, are pofitive, or negative. 

The two principal of thefe equations agree widi thofe before 
given ; and are the fame, in effeft, with the two equations 
laid down (without demonftration) by Sir Isaac Newton, 
in the Scholium to the 31ft Proportion of the firft book of his 
Principia. The latter of which, in the Laws of the Moons Mo - 
tion^ prefixed to that Work, feems to be reprel'ented, as defec¬ 
tive j it being there aflerted, that, the inequality in the motion 
°f a planet about the upper focus , confijls of three parts ; as if the 
nature of the fubjeit admitted of juft that number, and no 

more. 
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more ; whereas the parts, or equations arifing in the confide- 
ration, are without number, being the terms of an infinite 
feries, wherein the eccentricity is the converging quantity. 
Sir Isaac Newton has given two terms of this feries, which 
are right; but the new equation added by his Commentator, is 
not fo; the fign thereof, the coefficient, and the law by which 
it increafes and decreafes, being all different from what they 
ought to be. 

This equation (expreffed according to the above notation, 
where i reprefents half the greater axis, f half the lefler axis, 
e the eccentricity, and A the mean anomaly) he makes to be 

— x fin. AI ? x co-fin. A. But it ought to be -|- * 

* + fin.4A (= i^xfin.qA, nearly), as is fhewn above; this 

being the 3d term of the general feries, and the next in order 
after thofe given by Sir Isaac Newton ; who appears, more 
than once*, to have been difadvantageoufly (I might fay, un¬ 
fairly) reprefented, and that, under the covers of his own book : 
a circumftance that cannot be attended to without fome con¬ 
cern and diflike, by thofe who entertain a due regard for the 
merit of an Author to whom the mathematical world is fo 
much indebted. 

I fhall now put down one fingle example of the ufe of the 
equations above derived; wherein I fhall fuppofe the eccentri¬ 
city to be P arts t ^ ie femi-txanfverfe axis (the fame 

as is affigned by Dr. Halley to the orbit of Mercur y). H ere, 
then, we have E = — 1 1 3^35 » F (= l°g.\/ 1 — ee ^ 

jr log. 1 — ee) =—0,009406; G(= log.i-f 4^) = 0,068024 5 
whence P = 1,046; Q== 0,453; R = 3 > 33 ° 2 ; S=i, 744 : 

* In the 28th Propofition of his third book, it is found that the moon’s 
diftance from the earth in the fyzigies is to the diftance in the quadratures (fa¬ 
ting afide the confideration of eccentricity) as 69 to 70 ; which is confirmed hy 
what is demonftrated in a fubfequent part of this our Work, as well as by thc 
calculations of others ; neverthclefs the truth of this proportion is called * n 
ftion, and a new one is laid down, which makes the faid diftances to be 1 
the proportion of 59 to 6c. See Laws of tht Moon's Motion , p. 11 and 12* 
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which values will ferve in all cafes belonging to this orbit. 
Whence, fuppoling the given anomaly to be 50°, we have 

1,0460 0,4530 3,3302 1,744 

9 > 88 4 2 9 » 88 4 2 9’9933 9>534 

0,9302 0,3372 3,3235 1,278. 

_ 3 _ 5 

2,7906 1,6860 

Of which refulting logarithms, the numbers correlponding are 
61 7f, 4^r> 2 I ° 6 b a nd 19; whereof the firffc and third be¬ 
ing added, and the other two fubtraCted, we have 50° 44' 16" 
for the corrected anomaly, or the angle at the upper focus; 
whereof the half is 25 0 22' 8" : 

Therefore log. tang. 25 0 22'8" ...... 9,6759338 

-f* log. of the ratio of the gr. and lead: dift. 1,8185730 
= log. tang, j- true anomaly 17 0 20' 28" 9,4945068. 

Which conclufion is true to a fecond. Nor will the error, in 
any part of this orbit, amount to more than about two or 
three feconds.—If you would have the refult depended on to a 
fingle fecond, or if the orbit be fuppofed (till more eccentrical 
than that of Mercury, then the following method may be of 
ufe. 

Say, as half the greater axis of the ellipfis is to the eccen¬ 
tricity, fo is the line of the mean anomaly to the line of an 
angle; which fubtraCt from the mean anomaly, and to the log. 
line of the remainder (which I call the eccentric anomaly) add 
the fum of the log. of the eccentricity and the conflant log. 
1,758123: the aggregate (rejecting the radius) will be the lo¬ 
garithm of an angle, in degrees and decimal parts; which, 
fubtra&ed from the angle firft found, leaves a correction to be 
added (under its proper fign) to the mean anomaly: with 
which corrected anomaly, let the whole operation be repeated, 
if needful, by always adding the laft correction to the mean 
anomaly. Then it will be, as the greater lemi-axis of the el¬ 
lipfis is to the lelfer, fo is the tangent of the corrected anomaly 
the tangent of the angle at the upper focus of the ellipfis : 
whence the angle at the lower focus, or the true anomaly, may 

alio 
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alfo be known by the common proportion, -and that to any 
aligned degree of exaCtnefs. 

This method, in all the planets, except Mars and Mercury , 
anfwers to a fecond, at one operation. In the former of thefe 
two, the error, when greateft, will amount to about three or 
four fcconds; and in the latter, to nearly as many minutes •, 
in which cafe, three operations will be necefifary: but in order 
to avoid that trouble, the following calculation may be ufed; 
which is fo exaCt as to anfwer, even in the orbit of Mercury, 
to lefs than half a fecond, without repeating the operation. 

Add together twice the log. of the eccentricity, the log. fecant 
of the angle firft found (as above), and the log. co-fine of die 
fum of the eccentric anomaly and mean anomaly once cor¬ 
rected (in all of which angles the feconds may be negleCted). 
The aggregate (fubtraCting twice the radius) will be the log. of 
a fraction to be added to unity, when the laid fum of anoma¬ 
lies is between 90 and 270°; but otherwife, fubtraCted there¬ 
from: then the log. of this fum, or remainder being fubtraCted 
from the log. of the firft correction, you will have the log. of 
the true correction to be added (under its proper fign) to the 
mean anomaly given. 

Thus, for example, let the mean anomaly be 70; and let 
the eccentricity be == 0,20589 (as in the preceding exam- 
pie). 

Here, fin. mean anom. 70°.9,9729858 

log. eccent. 1,3136353 

ang. firft found = 11° 9',33 9,2866211; 

whence 58° 50^67 = the eccentric anomaly : 

whofe fine . . .. 9 > 93 2 355 2 

+ the log. proper for the orbit . . *>0717583 
= log. of 1 o°,0952. 1,0041135: 

which angle, or its equal, io° 5',71, being fubtraCted from 
11° 9^33, leaves the firft correction i° 3^62 = 63',62. 

( Moreover, 
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Moreover, by adding together 70°, i° 3', and 58° 50', 
have 


I2 9° 53 > whofe co-fine.9,8070 

-f fee. ii° 9' ang. firfl found . . . 10,0083 

+ twice log. eccent. 2,6272 

= lo g- of 0,0272. 2,4425 

Log. firft cor. 63',62 .... 1,80359 

— log. 1,0272.0,01187 

= log. true cor. 6 i\g . . . 1,7917! 


we 


Now the mean anom. true cor. = 71 0 1^9, 
whofe log. tang.* / 

-j- fog* of the femi-conj ugate axis. 

= log. tang, of 70° 3 8',82. 


10,4638087 

9905940 

IO > 4544°27 


And the log.tang.of the half hereof, 35 0 19',41 9,8504350 

+ log. of the ratio of the gr. and lead; difhnces 7,8185730 
= log- tang, of 25 0 i',o2. 9,6690080 

whofe double 50° 2,04, or 50° 2! 2", is the true anomaly re¬ 
quired. J 
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determination 

OF THE 

Difference between the Motion of a Comet in air 
Elliptic, and a Parabolic Orbit. 

ST*(jK**;ET PNG be a parabola, and PBH a very excentrical 
F ‘ S ' ' 9 g= L ^ ellipfis, having the fame focus S, and vertex P with 
C J the parabola; let moreover N and n be confidered as 
cotemporary portions of two bodies, in tliefe orbitSr 
moving from the perihelion P at the fame time, about the inn 
in the focus S. Make NBC perpendicular to PSO, and ca 
PC, x j PS, c 5 and the greater axis of the ellipfis, a: then 

> — , ^ \ac — A cc . 

the leffer axis will be = 2 V c x c — r, the parameter — — * 

and the ordinate BC = zj (by the proper- 

aa ^ 

ty of the ellipfis) = 2X 1 — X 1 —= 2C%x% ^ 

j _i _ JL y nearly. This laft taken from CN (= 2 

2 a 2 a _ 

by the nature of the parabola) leaves = 

which bein g multiplied by * and the fluent found, we thence 

have ex 5 x — + — for the meafure of the area NPB, ° r 

NP-j, very near : which fubtraded from the area NSP 

CN x -PC — CN x ICS = 2cVx|ar — aA * x ix-i c ^ 

e x' Xc+|x), leaves e x' x c -f- T x-_ — — — the ^ 

aPS. Moreover, the parameter of the parabola being \c, ^ 
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that of the ellipfis = — , we have \/\c to J g T L 3 f 0 

is the parabolic area NSP (cV~ Xc-\- \ x) to the c'orrefponding, 
or cotemporary elliptical area «SP = ^/1 — — X cx z X c -f- jx 

= ex' x I—- X *+•)* (nearly) = c'x' X c + ,.v— j- , 
which fubdu&ed from the area 'uPS, leaves e x' x ^ — 


: the area vSn. 


2 xx 

V 


Z X 1 — Z"— tz” 


I + **) 


’ fin.B-yF 
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Let now NM be fuppofed perpendicular to the tangent NA* 
meeting the axis in M ; then SM, SN, and SA will be all 
equal to each other, by the nature of the parabola; and con- 
fequently the angle PMN equal to half PSN ; whole tangent 
(to the radius i) let be denoted by z : whence it will be, as 
l : z :: MC(2 c) : CN (2cV); and confequently * = cz\ 
Which value being fubftituted in the area vSn, it will become 

cz x — — — — — = — XI — z — fs*; and this di- 
Vided by ~ (~ t X c -f- x = x i -f- zz )> gi ves ~ x 

i — a ^ £ or t j ie mea f ure 0 f the an gi e T s«, in parts of the 

I -f- zz\ 

radius (i). Therefore, if m be put = 3437 = the number o f 
minutes in an arch equal to the radius, and u = 


it is evident that — X Mu will exprefs the meafure of the faid 

angle in minutes of a degree. To find now the ratio S/z to 
SN, which (till remains to be determined, we have (by Tri- 

% f,n B nxT fin. AFC Tjvr _ fin. M 

gonometry) N-j = X BN = x BN _ — — 


co-fin. M 

x BN = tang. M x BN = z x c'x 1 X ~~~ == % x cz x 
.= — X I -\- zz. Alfo (fuppofing nb perpendicular to S<v) it 
will be, as 1 (radius) : - (the arch meafuring the angle /rSr) 


I a 


: t 
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Of the Difference of Motion of a Comet 
:: c x T+zz (= Sr, nearly) : nb = C -^X i -j-zz : whence, 
again, by fimilar triangles, i : z (:: CM : CN) :: —-X i-\-zz 
[nb) : bv — —x\-\-zz: this added to = c f^xi-\-zz, 

gives N£ = yX« + zxT+'«z: which therefore is to SN 
(txl+zz) as -xu+z to unity; and confequently the re¬ 
quired proportion of S n (or S b) to SN, as i — x u -j- z to 
unity. 

From this laft conclufion, and that derived above, exhibit¬ 
ing the value of the angle NS;/, the following Table is com¬ 
puted ; whofe ufe is thus: Find, in the firft column, the co¬ 
met’s longitude from the perihelion, as given from the hypo¬ 
thecs of a parabolic orbit (either by Dr. Halley s Table, or 
any other of the like kind); againft which, in the third co¬ 
lumn, you have the logarithm of a number of minutes (ex- 
prelfed in the fecond column) ; from which fubtradfing the 
logarithm of the ratio of the greater axe of the ellipfe divided 
by the perihelion diftance, the remainder will be the logarithm 
of a number of minutes to be added to, or fubtradted from the 
aforefaid longitude, as the Table diredts: whereby the comet’s 
longitude, for the fame time, in the elliptic orbit will be given- 
And if, from the logarithm found in the fourth column, the 
logarithm of the fame ratio be alfo fubtradled, the remainder, 
abating io, will be the logarithm of a quantity to be taken 
from the logarithm of the comet’s diftance from the fun, com¬ 
puted according to the aforefaid hypothefis. 

Thus, for example, let the greater axis of the ellipfis be 
fuppofed = 35,727, and the perihelion diftance = 0,5825 
(anfwering to the orbit of the comet of the year eighty-two) > 
and let the longitude from the perihelion, according to Djy 
Halley’s Table, computed for a parabolic orbit, be 44" 3 20 ’ 
correfponding to which, the logarithm of the diftance from 
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fun is given =0,065838. Here, then, the log. of be- 

ing = 1,7877, this value is to be fubtra&ed from both the 
logarithms 2,9228 and 9,0555, Handing againft 44 0 , in the 
third and fourth columns of the annexed Table : from whence 
will be found the two quantities 13',65 and 0,001853 $ which 
being fubtra< 5 ted from 44 0 3' 20", and 0,065838, the required 
longitude from the perihelion is given from thence = 43° 
49 41", and the logarithm of the comet’s diftance from the 
fun = 0,063985. 

The fame Table, not only furnifhes an eafy way, for de¬ 
ducing the motion in an elliptic orbit, from the motion in a 
parabolic one, but may be farther ufeful in determining, in 
lome degree, the fpecies of the elliplis which a new comet de- 
feribes, when the oblervations thereon are found to differ fen- 
fibly from the places computed according to the hypothecs 
of a parabolic orbit. 
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An Attempt to fhew the Advantage arifmg by 
Taking the Mean of a Number of Obfcrvations, 
in practical Aftronomy. 

^S^HOUGH the method pradtifed by AJlronomers , in 
x ^ order to diminifh the errors arifing from the imper- 
fedtion of inftruments and of the organs of fenfe, by 
* taking the mean of feveral obfervations, is of very 
^reat utility, and almoft univerfally followed, yet has it not, 
that I know of, been hitherto fubjedted to any kind of demon- 
ftration. 

In this Eflay, fome light is attempted to be thrown on the 
fubject, from mathematical principles: in order to the appli¬ 
cation of which, it feemed neceffary to lay down the following 
fuppofitions. 

1. That there is nothing in the conftrudfion, or pofition of 
the inftru’ment whereby the errors are conflantly made to tend 
the fame way, but that the refpedtive chances for their hap¬ 
pening in excefs, and in defedt, are either accurately, or nearly, 
the fame. 

2. That there are certain afiignable limits between which all 
thefe errors may be fuppcfed to fall; which limits depend on 
the goodnefs of the inftrument and the fkill of the obferver. 

Thele particulars being premifed, I fhall deliver what I have 
to offer on the fubjedt, in the following Propofitions. 

PROPOSITION I. 

Suppofing that the feveral chances for the different errors that 
any Jingle obfervation can admit of are exprejjed by the terms of 

the fries r~* . r~\ r z , r~\ r°, r\ r\ r\ . . . . r* 

where the exponents denote the quantities and qualities of the rc- 
jpeclhe errors , and the terms themj'ehcs , the refpeftive chances for 
their happening; it is propofed to determine the probability , or 
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Of the Adva?ttage arifing , &c. ® 

tddsy that the error , tatog the mean of a given number (n) of 
obfervations , exceeds not a given quantity 

It is evident from the laws of chance, that, if the given feries 

‘ ' + r V+^ % + r-+ r°+ r■ + r*+ r 5 . + r\ 

expreffing all the chances in one obfcrvation, be raifed to the 
Tzth power, the terms of the feries thence ariiing will truly ex¬ 
hibit all the different chances in all the propofed ( n ) obierva- 
tions. But in order to raile this power, with the greateft faci¬ 
lity, our given feries may be reduced to r ~ v x 1 ~~ r —-- (by the 

known rule for fumming up the terms of a geometrical pro- 
greflion); whereof the nth po wer (making w 2v -|- l) will 
be r~- MV x i — r™\ x i — n ; which expanded, becomes 

7 nr V3 I > n J r 2iv — WV _* # 71 1 n I 

' 1 ' 2 1*2*3 « 

* into i + »r + ».i±Ir* + ^.l±i.i±ir3 + i.i±I.2±3. 

* ’12 1 i 2 3 1 12 3 

+ & e . 

4 1 

Now, to find from hence the fum of all the chances, where¬ 
by the excefs of the pofitive errors above the negative ones, can 
amount to a given number m precifely, it will be fufficient (in- 
ffead of multiplying the former feries by the whole of the lat- 
ter ) to multiply by fuch terms of the latter only, as are ne- 
cefi*ary to the production of the given exponent m , in queftion. 

Thus the firft term [r~ w ) of the former feries, is to be mul- 
bplied by that term of the fecond whofe exponent is nv -f- w, 
jn order that the power of r, in the product, may be r" : but 
it is plain, from the law of the feries, that the coefficient of 

this term (putting nv-^mz=g) will be 

9 being the number of factors; and, confequently, that the pro- 

under confutation will be * .I±l.!!±i .^±3 x r « 
i 2 3 4 w/ 

Again, the fecond term of the former feries being — nr”-”*', 
he exponent of the correlponding term of the latter mull 
herefore be — w -\-nv ?n (— q — w), and the term it- 
K felf, 
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felf, (q - W) 

12 3 


X f*“ 


which, drawn into 


_ ;zrW -- g^s —w) x flr" for the fecond 

In like manner the third term of the product whofe expo¬ 
nent is m y will be found, — 2W ) x T'"T" r ' 

And the fum of all the terms, having the fame, given expo¬ 
nent, will confequently be 

i H (q) xr* 

'i*2 3 4 

_ ji 2±£ l±l.yi3 __ w ) x wr* 

i ‘ 2 ‘ 3 4 VI 

+ (? _ 2 «) xf 

-T-—• 3 4 « '* 2 3 

ore. ©c. 

From which general expreflion, by expounding m by o, + ’ 
_ I _i_ > 2 L 2 Gfe. fucceffively, the fum of the feveral 
chances whereby the difference of the pofitive and ne » at ’..j 
errors can fall within the propofed limits (+ w, m ) 
be found: which divided by the total of all the chances, 

7 *— nv ^ i ■' X j — rT"» will be the true meafure of the 
probability fought. From whence the advantage, by taking 
the mean of feveral obfervations, might be made to appear- 
but this will be fhewn more properly in the next Propofition, 
which is better adapted, and to which this is premifed, as 
Lemma. „ „ 

remark. 

If r be taken = I, or the chances for the pofitive, and ® e 
negative errors be fi.ppofed accurately the fame -, then our ex 
predion, by expunging the powers of r, will be the very 
with that fhewing the chances for throwing n -f q P 01 ” ’ 
precifely, with n dice, each die having as many feces 
the refult of any one fingle obfervation can come out dine 
ways. Which may be made to appear, independent o 
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kind of calculation, from the bare confederation, that the 
chances for throwing, precifely, the number m , with n dice, 

whereof the faces, of each, are numbered — v .— 3, 

*— 2, — 1, — o, 1, + 2 > +3-+v, muft be the 

very fame as the chances whereby the pofitive errors can ex¬ 
ceed the negative ones by that precife number: but the former 
arc, evidently, the fame as the chances for throwing precifely 
the number v + 1 X n + m (°r n + q) with the fame n dice, 
when they are numbered in the common way, with the terms 
of the natural progrefiion 1, 2, 3, 4, 5, and fo on; becaufe the 
number upon each face being, here , increafed by v -f-1, the 
whole increafe upon all the ( n ) faces will be exprefled by 
fo that there will be, now , the very fame chances 
for the number v -f- 1 X n ?n, as there was before for the 
number m ; fince the chances for throwing any faces afligned 
will continue the fame, however thofe faces are numbered. 

PROPOSITION II. 

Suppofing the refpeBive chances for the different errors, which 
any Jingle obfervation can admit of to be exprejfed by the terms of 

the Jeries r~ v -f- 2 r'~ v y* ~ v .+ ^ + 1. r 0 . y v ~ % 

+ 2 r v ~ 1 -|- r v (whereof the coefficients, frotn the middle one ) 
decreafe both ways, according to the terms of an arithmetical pro- 
grejjion) ; it is propofed to find the probability, or odds, that the 
error, by taking the mean oj a given number if) of obfervations, 

exceeds not a given quantity (f^j. 

Following the method laid down in the preceding proporti¬ 
on, the fum, or value of the feries here propofed will appear 

to be -— ^-y + .L (being the fame with the fquare of the 

geometrical progreflion r~^ xi-fr-fr-fr 3 .And 

the power thereof whofe exponent is t (by making n = 2 /, 
and w = v -f- 1) will therefore be r~ tv x 1 — rf x 1 — **1 

=== r-* — nr*+ — &c. into 1 + nr + -7 .• 

1 1 2 1 
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”+ V ” . ” + i + & C ' Which two feries’s being the 

fame with' thofe in Ve preceding Problem (excepting only, 
that the exponents in the former of them are expreffed in terms 
of U inftead of n) it is plain, that, if q be here put = tv + m 
(inftead of nv + m) the conclufion there brought out will an- 
fwer equally here; and confequently that the fum of all the 
chances, whereby the excefs of the pofitive errors, above the 
negative ones, can amount to the given number m , precifely, 
will here, alfo, be truly defined by 


(q — w) x nr m 

(?— 3*0 x-.— 

&c. ® c - 

But this general expreflion, as feveral of the fa&ors in the nu¬ 
merators and denominators mutually deftroy each other, may 
be transformed to another more commodious. 

Thus the quantity ($0> * n ^ ne ’ ^ 

breaking the numerator and denominator, each into two parts, 
will become 

k.«4-i.* + 2.« + 3.3.* + 

2 . 3 . “7 . n.n+l.n+2.n+ 3 . q 

which, by equal divifion, is reduced to 

yq-i.y-4-2.y-f3. q+ n— I _ 

I . 2 . 3 . n — I 

q 4 - » — I .q+n— 2 . ? -f » — 3-g-bj — till .till .till (n-\)y 

1 . 2 . 3 .W-I 1 2 3 

fuppofing /> = q + n = tv -f- m + n. 

In the very fame manner, by making q'—q — and 
ft— ([\n (=/> — to) it appears that 5 —-y- W 7 
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— till.till.till (n — 1) fcfc. Confequently our whole 

given exprelfion (making p" = p — 2 w, p"' ■=. p — 2 W » & c ) 
will be transformed to 


, P -1 

P —2 

P —3 

^ I - 

2 

3 

p'— I 

P'— 2 

P' — 3 

I 

2 

3 

, p»— I 

p "—2 

P "— 3 

^ I • 

2 

3 

r— 1 

P"’— 2 

P '"—3 

1 

2 

3 

&c. 






n n — 1 ^ 

2 

— 1 n — 2 ^ 

‘ 3 r 


G?C. 


Which exprefiion is to be continued till fome of the fa< 5 tors be¬ 
come nothing, or negative; and which, when r = 1, is the 
very fame with that exhibiting the number of chances for 
p points, precifely, on n dice, having each w faces. 


And, in this cafe, where the chances for the errors in ex- 
cefs and in defett are the fame, the folution is the moll fimple 
it can be ; lince, from the chances above determined, anfwer- 
ing to the number p precifely, the fum of the chances for all 
the inferior numbers to p } may be readily obtained, being given 

(from the method of increments) equal to till .till .till (^ n ) 


/N rt n- 1 

( n ) x - 

_ ' ' 12 

-f- &c. The dif- 


I 2 3 v ' 'i 2 3 

— A"'-l 3 f„) x » •-! «-* 

I 2 3 ' / I 2 3 

ference between which and half (w n ) tlie fum of all the 
chances (which difference I fhall denote by D) will confe¬ 
quently be the true number of the chances whereby the errors 
in excefs (or in defeat) can fall within the given limit ( m ): fo 

that — will be the true meafure of the required probability, 

that the error, by taking the mean of t obfervations, exceeds 


not the quantity ” propofed. 


But 




o Of the Advantage arijing by "Taking the Mean 

But now, to illuftrate this by an example, from whence the 
utility of the method in pra&ice may clearly appear, it will be 
necelfary, in the firft place, to aflign fome number for v 9 ex- 
prefiing the limits of the errors to which any obfervation is 
lubjedt. Thefe limits indeed (as has been before obferved) 
depend on the goodnefs of the inftrument, and the fkill of the 
oblerver: but I fhall here fuppofe, that every obfervation may 
be relied on, to five feconds ; and that the chances for the fe- 
veral errors — 5", — 4", — 3", — 2'', — 1", o", 1", + 2", 

-f- 3", -f“ 4 ’ 4“ S'-> included within the limits thus afligned, 
are refpedtively proportional to the terms of the feries 1, 2, 3, 
4> 5> 5> 4» 3» 2, i* Which feries is much better adapted, 

than if all the terms were to be equal; fince it is highly rea- 
fonable to fuppofe, that the chances for the refpedlive errors de- 
creafe, in proportion as the errors themfelves increafe. 

Thefe particulars being premifed, let it be now required to 
find what the probability, or chance for an error of 1, 2, 3, 4, 
or 5 feconds will be, when, inftead of relying on one, the 
mean of fix obfervations is taken. 

Here, v being = 5, and t — 6, we fliall have n (= 2t) 
= 12, w (= 3 ^ 4 ” 0=6, and/ (— = 42 4- tn: 

but the value of w, if we firft feek the chances whereby the 
error exceeds not one fecond, will be had from the equation 

-7 = + 1 J where either fign may be ufed (the chances being 

the fame) but the negative one is the moft commodious: from 
whence we have m (= — /) = — 6 ; and therefore p = 36, 

/ = 3 ?, f= 2 4 , &c. 

Which values being fubftituted in the general exprefiion 
above determined, it will become .H ,21 (12) — 22,—.^1 

(12) x 12 4- — •—•— (12) x 66 — H.— .11 (12) x 220 == 

299576368: and this fubtradted from 1088391168 (=4x6 ia )> 
leaves 78881480, for the value of D correfponding: therefore 
the required probability that the error, by taking the mean of 
fix obfervations, exceeds not a fingle fecond> will be truly mea- 

fured by the fraction — 11* — ° - ° 5 and confequently the odds 
J 1088391168 4 y w jU 
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will be as 788814800 to 299576368, or nearly as z\. to r. 
But die odds, or proportion, when one Tingle obfervation is 

taken, is only as 16 to 20, or as — to 1. 

10 

To determine, now, the probability that the refult comes 
within two feconds of the truth, let - be made =_2 ; fo 

ftall m (= — 2f) = — 12 : therefore p = 30, /= 24, 
p — 18, &c. and our general expreflion will here come out 
= 36079407 » whence D = 1032311761. Confoquently 

7088391168 t ^ ie true mca ^ure of the probability fought: 

and the odds, or proportion of the chances, will therefore be 
that of 1052311761 to 36079407, or as 29 to i, nearly. But 
the proportion, or odds, when a fingle obfervation is taken, is 
only as 2 to 1: fo that the chance for an error exceeding two 
feconds, is not ^th part fo great, from the mean of fix, as 
from one fingle obfervation. And it will be found in the fame 
manner, that the chance for an error exceeding three feconds 
is not here i——- part fo great as it will be from one obfervation 
only. Upon the whole of which it appears, that, the takino- 
of die mean of a number of obfervations, greatly diminifhet 
the chances for all the fmaller errors, and cuts off almoft all 
pofiibihty of any large ones: which laft confideration alone is 
fufhcient to recommend the ufo of the method, not only to 
AJlronomers , but to all Others concerned in making experiments, 
or obfervations of any kind, which will allow of being re¬ 
peated under the fame circumftances. 

In the preceding .calculations, the different errors to which 
any obfervation is fuppoled fubjeft, are retrained to whole 
quantities, or a certain, precife, number of feconds; it bein^ 
impoffible, from the mod exa& inftruments, to take off the 
quantity of an angle to a geometrical exaftnefs. But I (hall now 
fhew how the chances may be computed,* when the error ad- 
mits of any value whatever, whole or broken, within the pro¬ 
posed limits, or when the reiult of .each obfervadon is fup- 
pofed to be accurately known. 


7 1 


Let 
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Fig. 20. Let, then, the line AB reprefent the whole extent of the 
given interval, within which all the obfervations are fuppofed 
to fall; and conceive the fame to be divided into an exceeding 
great number of very fmall, equal particles, by perpendiculars 
terminating in the lides AD, BD of an ifofceles triangle ABD> 
formed upon the bafe AB: and let the probability or chance 
whereby the refult of any obfervation tends to fall within any 
of thefe very fmall intervals N«, be proportional to the corre- 
fponding area NM mn> or to the perpendicular NM j then, fince 
thefe chances (or areas) reckoning from the extremes A and B, 
increafe according to the terms of the arithmetical progreflion 
i, 2, 3, 4, &c. it is evident that the cafe is here the fame 
with that in the latter part of Prop. II.; only, as the number 
v (exprefling the particles in AC or BC) is indefinitely great, 
all (finite) quantities joined to v, or its multiples, with the 
figns of addition or fubtra&ion, will here vanifh, as being no¬ 
thing in comparifon of v. By which means the general ex- 

preffion 3 {n) _ i (») x * + 

P ZlL? 2 . / Hi (#) x n. llpl, there determined, will 
here become L.L.i-{n) — L.L.L{n) xn,&c. = 777-^3 


x p n — nft m -j- n. — ^ l ft ' H — n. n f . n ^ —ft " n i (wherein 

p — tv m, ft = p — v, p" — p — 2 v, ft'—p — 3-y, 
and therefore, the value of D in the prefent cafe, being {-v* — 


- 1 - x p n — n.p — if + n .-—-./>— 2 v\\ &c. it is 

1-2.3 (») r ^ 2 

evident that the probability (~gf) error ’ s not exceed¬ 

ing the quantity ™ (in taking the mean of t obfervations) will 
be truly defined by 


i- 2.3 (») 


n) v v 1 2 v 


&C. 


which may be reprefented by the curvilineal area CNFE, cor- 

refponding 




. of a Number of Obfervations in fraSiicalAfronomy. 


relponding to the given value or abfciffa CN (= Now, 

though the numbers v, p, and m are, all of them, here fup- 
pofcd to be indefinitely great, yet they may be exterminated 
and the value of the expreffion determined, from their known 

relation to each other. For if the given ratio of — to v, or of 

CN to CA, be expreffed by that of * to r, or, which is the 
lame, if the error in queftion be fuppofed the x part of the 
greateft^error, then, m being = fax, p (= tv + m) will be 

= tv + tvx, and therefore 1 = t x i + x ; which let be de- 
noted by y: then, by fubftitution, our laft general expreffion 



which feries is to be continued till the quantities y , y _i, 

y — 2, &c. become negative. 


As an example of what is above delivered, let it be now 
required to find the probability, or odds that the error, by 
taking the mean of fix obfervations, exceeds not a fingle fe- 
cond ■, fuppoling fas in the former example) that the greateft 
terror, that any obfervation can admit of, is limited to five 
feconds. 


Here t being = 6, n (— zt) — 12, and x = -i, we have 
y (= /Xi — x) = 4,8 j and therefore the meafure of the 
probability fought will be equal to 1 — ^ 2 ... x 


— i2X3,h| 2 + 66x 220x 495Xolbl r> 

= 0,7668, nearly: fo that the odds, that the error exceeds 
not a fingle fecond, will be as 0,7668 to 0,2332; which is 
niore than three to one. But the proportion, when one fingle 
obfervation is relied on, is only as 36 to 64, or as 9 to 16. 

In the fame manner, taking x = it will be found, diat 

L the 
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the odds, of the error’s not exceeding two feconds, when the 
mean of fix obfervations is taken, will be as 0,985 to 0,015, 
nearly, or as 65- to 1; whereas the odds on one fingle ob- 
fervation, is only as 64 to 36, or as 1-J- to 1 : fo that the 
chance for an error of two feconds is not —th part fo great, 
from the mean of fix, as from one fingle obfervation. And it 

will farther appear, by making x == that the probability of 

an error of three feconds, here, is not —^th part fo great as 
from one fingle obfervation : fo that in this, as well as in the 
former hypothecs, almoft all poffibility of any large error is 
cut off. * And the cafe will be found the fame, whatever hy- 
pothefis is affumed to exprefs the chances for the errors to 
which any fingle obfervation is fubjeft. 


From the fame general expreffion by which the foregoing 
proportions are derived, it will be eafy to determine the odds,, 
that the mean of a given number of obfervations is nearer 
to the truth than one fingle obfervation, taken indifferently. 

For, if z be put (= 1 — x) = and s = f then, y being 


tz , the quantity 


-i—-xr—n.y—.y— ?l", &c. (expreffing 

the probability that the refult falls within the diflance z of the 
greateft limit) will here, by fubftitution, become 


2t X2f — ;/ x z — s\ -j- n —- X z — 2jl, £? c. which, 
1. 2 • 3 (w) a t 

in cafe of one fingle obfervation (when t == 1, and n = 2) is 
barely z *, and its fluxion 2 zz: therefore, if we now multiply 
by 2 zz y the produft __ 

—v z n ~^~ l z — n . z — r] .zzAr-n.———.z 2s\ .zZ^ L ' 

1.2.3 («) a , 

will give the fluxion of the probability that the refult of t oD- 
fervations is farther from the truth, or nearer to the limits, 
than one fingle obfervation taken indifferently. And conr 

fequently the fluent thereof, which is ^ 2 . int0 
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! — ,|"+* . n n - 
n -f- 2 ' I ’ 


« + 1 "* » + 2" 


GV. will, when z — i, be the true meafure of the proba¬ 
bility itfelf. Which, in the cafe above propofed, where t = 6, 
and = 12, will be found = 0,245, an ^> confequently, the 
odds that the mean of lix, is nearer to the truth than one 
fuigie obfcrvation, as 755 to 245, or as 151 to 49. 






DETERMINATION 


OF 

Certain Fluents, and the Resolution of fome 
very ufeful Equations in the higher Orders of 
Fluxions ; by means of the Meafures of Angles 
and Ratios, and the Right-fines and Verfed- 
fines of circular Arcs. 


E ’)j(N order to treat the matter here propofed with due 
^ perfpicuity, it will be neceflary, previous thereto, to 
^ give a demonftration of the two fubfequent Lemmas. 

L E M M A I. 

The double of the rediangle contained under the co-fines of any 
two arcs, Juppofing the radius to be unity, is equal to the fum of 
the co-fines of the fum, and difference of thofe arcs. 

21. For, let AB and BD (== BE) be the two arcs, and CG and 
Cn their refpe&ive co-fmes ; likewife let CH be the co-line of 
their fum AE, and CF that of their difference AD; making 
nm parallel to BG. Then, D n being = E n, it follows that 
Ym = Hm j and confequently that 2Cm = CH + CF : but, 
by fimilar triangles, CB : CG :: Qn : Cm 5 whence CG X 2C# 
== CB x 2C7/2 = CB x CH + CF. ^E.D. 


LEMMA II. 

If Abe any arch of a circle whofe radius is unity , and n any 
whole pofitive number ; then will 

co-fin . A| =f\ ™to co-fin . nA -f- n co-fin.n —2. A + ^ 

co-fin . n — 4 . A -f- n .1 —. r Lzl co-fin . n — 6 . A continued 

• 2 * t9 
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t0 ’—■y »r t«+ i terms, according as n is an odd, or even num¬ 
ber ; in the latter of which cafes the half only, of the laft term is 
to be taken. 

For, by the preceding Lemma, 2 coTa]' = cof. A -f- A 
-)- cof. A A = cof. 2A 1 ; which equation multiplied 
by 2 cof. A, gives 2* x cofA] 3 = cof. 2 A x 2 cof. A -f- 2 cof. 

A = cof. 3 A + 2 cof = cof. 3 A -|~ 3 cof. A. 

Multiply, again, by 2 cof. A ; fo lhall 2 3 x cof^j 4 _ 
cof. 3 A x 2 cof. A + 3 cof. A x 2 cof. A = cof. aA 
1 cof 2A ' 

+ cof’ 2 A + 3 CoC 0 ( b y Lemma 1 ) — cof. 4A + 4 cof. 
2 A +3- In the fame manner we have, 

2* x cof. A] 5 =cof. 5A -f 5cof. 3 A -f-iocof.A, 

25 x cof. A] 6 = cof. 6A -j-6cof.4A -j-i5cof.2A -f- io, 

2 6 xcof. A] 7 = cof.7A -j-7cof. 5A -j-21 cof.3A + 35cof.A, 

&c. &c. 

where the law of continuation is manifeft; the numeral co¬ 
efficients being the fame, and generated in the very fame man¬ 
ner, with thofeof a binomial raifed to the 2d, 3d, 4th, 5th, &c 
powers, fucceffively; except in the laft term, when the ex¬ 
ponent n is even, in which cafe one half only of the corre- 
fpondent (or middle) term of the involved binomial is con¬ 
cerned. Hence the proportion is manifeft. 

The fame otherwife. 

If the co-line of A be denoted by it is well known that 
^ “ ^7===- w ^°^ e equation by v/— 1, fo 

fliall AS~i = -f^ 7 = - _ * 

\/l — xx s /I —— XX X s/ I a/— I XX ' 

gj ^ence, by tak ing the fluent, we have' Av'— 1 === hyp. log. 

* + >/xx — 1. Let N be the number whofe hyperbolical lo¬ 
garithm 
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garithm is i; then, fince hyp. log.N A ^“" , (=AN/-i) = hyP * 
log. x -{- v /xx — i, it is evident f hat N Av ~ 1 = x-\-\/xx— U 
or M A = x + s/xx — i (by making M = ~ *)• From 

which equation * (the co-line of A) is found 
(and from thence (\/1 — xx) the fine of A — 


M a + M" a 


• i X 


M a — JVT 


-; but this laft by the bye). 


Now feeing that 2 cof. A = M A -f- M~ A , we there¬ 
fore have 2 c of. Xr = M A + M-^= M» A + M- A + 
n xM—* a +M-+- a + 

by expanding M A + M“ A |’' and uniting, in pairs, the corre- 
fpondent terms (viz. the firft and laft, the fecond and laft but 
one, and fo on). But M” A + the firft of thefe pairs, is 

the double of the co-ftne of n\ ; for the very fame reafon that 
]\q A M _A was found to exprefs the double of the co-fine of A. 
And thus, A" 11 * *-)- A~ n + l - A will appear to exprefs the dou¬ 
ble of the co-fine of n — 2.A, Gfc. An d our equation Will 
therefore be reduced to 2" x cof. A |" = 2 cof. nk -f' 
2.n cof. n — 2. .A . n ——~ cof. n — 4 . A + &c, ° r 

to cof. A I* = -jJ 

^ cof. nk + n cof. n — 2 . A + n . ^ cof.* — 4 • A 
cof.^6.A + ^. 

where, when the exponent n is even (the number of terms f 
M* + expanded, being odd) there will be a middle 

term (no-ways effected by M or A) which being an abfolu e 
number, muft be taken fingly, and confequently, only tn 
half thereof when the whole feries is divided by 2, as is tnv 
cafe in the conclufion. ^ E. D . 


COROL" 
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COROLLARY. 

If QJ)e taken to reprefent an arch of 90 degrees, and the 
complement A) of the arch A be put = B } then, by 

fubftituting fin. B for cof. A, and Q^— B for A in our ge¬ 
neral equation, we {hall have fin.B|* == r into cof. wQ—«B 

+ n cof. « — 2.Q— ji —2 ,B-f».^=i cof.;7-4.Q-^T“4.B 

+ &c. being a general expreffion for any power of the Jint 
of an arch (as the former was of the co-line). But this ex- 
preffion may be reduced to a form fomewhat more commodL 
ous, regard being had to the different interpretations of », 
with refped to even, and odd numbers. Thus, if n be ex¬ 
pounded by any term of the feries 4, 8, 12, 16, &c. it is evi¬ 
dent that nQ (in the firfl term) will be an even multiple of the 
femi-periphery; and that n — 2 . Q (in the fecond term) will be 
an odd one, and fo on, alternately. But it is well known, that 
fubtrading, or calling off any multiple of the femi-periphery 
no-ways affeds the value of the fine, or co-fine ; except, that 
fuch value, when the multiple is an odd one, will be changed 
from pofitive to negative (and vice verfd). Hence our lafl equa¬ 
tion will be reduced to fin. Bl* = r into cof. — «B —■ 

n cof. — n — 2 . B 4 - n . ” 1 cof. n — 4 . B — &c. =z 

1 2 T 

into cof. «B — n cof. n — 2 . B -|- n . cof. n — 4 . B 

he. 

And, for the fame reafons, the equation, when n is in¬ 
terpreted by any term of the feries 2, 6, 10, 14, &c. will ap¬ 
pear to be lin. Bf = a| into — cof. nB -{- 71 cof. n — 2 .B 
n!~ cof.T—4.B + &c. 

But, when n is expounded by any of the odd numbers 1, 5,. 
9) 13, &c, we fhull then (by rejeding the multiples of the 

femi- 
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femi-periphery, &c.) have fin.B'f = ~ J into cof. Q n$ 

— n cof. Q^— n — 2. B -f* n . n f - cof Q^— n — 4. B 

&c. = into fin.wB — nfm.n —2.B + n. fm* 

n — 4 • B — £? c . 

Laftly, if n be expounded by any term of the feries 3, 7 > 
ii, 15, &c. the refult, or feries, will be the fame as in the 
preceding cafe, only the figns of all the terms muft be changed 
to their contrary. 

But all thefe different cafes may be otherwife, more dire&ly* 
inveftigated, by means of the two following Theorems 5 where¬ 
of the Demonftration is obvious, from that of Lemma /*. 


i°. The double of the rediangle contained under the fines of any 
two arcs , fuppofing the radius to be unity , is equal to the difference 
of the co fines of the fum , a?id difference of thofe arcs. 

2°. And the double of the rediangle under the cofine of the one 
and the fine of the other , is equal to the difference of thefities of the 
fum , and difference oj the faid arcs. _^ 

Hence it follows, that fin. B X 2 fin. B = — cof B + # 
—J— cof B —B t (by Theor. I.) = — cof 2B + 1 : whenc e, 
multiplying the whole equation by 2fin.B, we have 2 a xfin.B. 

= - cof. 2B X 2fin.B + 2 fin. B = - fin. 3 B + ft 
Theor. II.) = — fin. 3B + 3 fin. B. Whence, again, by equal 
multiplication, 2 3 X fin.B' 4 = — fin. 3B X 2 fin. B + 3 ^ n * ^ 

x 2 fin. B = + cof. 4B — ^ cof 2B 3 co ^° (h ^ je ° 
rem I.) = cof. 4B — 4 cof. 2B + 3. 

In like manner, 2 4 x fin” B| 5 = fin.jB — 5 fin^B +1 o fin.B J 
and 2 5 x fin. B| 6 = — cof 6B6cof 4B — i5cof 2B + l0, ^ # 


Fi; 


lg. 21. 


* By fim. A’s, BC(i):BG:: DE (2D*) : D/>(CF -CH)== *D«x BG: 
And BC (1) : CG :: DE( 2 D n) : E/»(EH—DF) = 2CG *^ en ce, 
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Whence, univerfally , fin. Bj* = Z| x 
± fin. nB+n fin. n —2.B + n . ^jllfin. . B + &c. 
when it is an odd number ; and fin. B|" = 3 * x 

+ cof. nB + ncof.n — 2 . B + n . T !^Zl cof. n — 4 . B + &c. 
when n is an even number: where the number of terms, in 
the former cafe, will be f L±l i and in the latter \n + 1; in 

which cafe the half, only, of the laft term is to be taken; 
and is always pofitive, as well as the laft term in the former 
cafe: whereby the figns of all the other terms (as they 
change alternately) will be known. 

If a, 0 , y, ^. M be aftumed to exprefs the terms (1, n, 

71 • *——> n ' 3 2 > ^ c ') 1 -f- 1 raifed to the nth power 

{M being the middle, or greateft term) it is evident that the fe- 
cond cafe of our general equation (wherein n is even) will ftand 

thus, fin. B|" = || into + « cof. nk + /3 cof ^=2. A 

± y cof. n — 4 . A 4 ^ cof. * — 6 .A.-f \M. 

By the fame method of proceeding, an exprefiion exhibiting 
the continual product of the co-fines, or fines of any number 
of unequal arches, may be derived. 


For ( by Lemma I.) cof. A x 2 cof. B = cof. A + B + cof. 
A — B ; whence cof. A x 2 cof.B x 2 cof. C = cof. A B 
X 2 cof. C -j- cof. A — B x 2 cof. C (by equal multiplication) 


cof. A + B — C 

= cof. A -f- B -(- C cof. A — B C (by the Lemma ); 

cof. — A-fB + C 

tvhence, again (by equal multiplication and the Lemma) we 

M have 
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have cof. A x 2 co f. B X 2 cof. C x 2 cof. D = cot 
cof. A+B+C-D a+b _c=ID 

r __cof. A 4 -B—C 4 ~ D , , XIL’rTc—D' 

A+B+C+D + co f. A—B-j-C+D _ cof _ A+B +C—D 
cof —A-j-B-|-C-j-D 

from which the law of continuation is manifeft. 

PROBLEM I. 

To determine the fluent of * bein S an J M ^motive 

number. 

If A be affumed to denote the arch of a circle, whofe fine 
is * and radius i, it is well known that A = and, 

—n»—* 

by the Corol. to Lem. II, it alfo appears that *” = + Jj__ 


x fin. wA « 


■ » fin.» — 2 . A + «.L_ifin.» —4. A(Ll-). 


Hence we have 




(= x'k ) = ± I\ 


Axf.nA— nAxf.n— 2.A + «-^-^Axf.» —4- A ( 2 )• 

But the fluxion of any arch, multiplied by the fine (the radius 
being unity) is equal to the fluxion of the verfed-fine • 
therffore the fluxions of the verfed-fines of the arche s nA, 
T— 4 - . A, &c. will be nk x fin. nA, n — 2. Ax 
fln . fizi. A> A x fin. 7=4 • A. »'• refpeaively i 

and confequently the laid verfed-fines, the true fluents of the 
fluxions: whence it is manifeft that the true fluent of ^ 

whole exprefiion will be + A-| into—xverf. fin. »A Tt—i 

x verfed-fin. 7 =l. A + x verfed-fin.«— 4 -A " 

” i . nA x verfed-fin. n — t. A (fil), Wherein, 


3 * 


the 
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the figns -f- and — before , the former, or latter ob¬ 
tains, according as exprefiing the number of terms, is 
odd or even. 

PROBLEM II. 

n . 

To find the fluent of ; n being any even affirmative 

number , 

By the preceding Problem ■ 


to Lem. II y x 9 : 


±r 




: A; and, by the Corol. 


f—xfin. »A — & — 

±ir x\* _ b - 2 

1 i n 4 -A - 
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a cof. nA — j 3 x cof.«— 2. A + y x cof. n — 4. A.±vM. 

Therefore * * = (= x w A) = + Tj x 

VI — XX 21 

a A x cof.wA — j3Axcof.«-2. A-|-yA X cof. 71-4. A-+ -MA. 

But the fluxion of any arch, multiplied by the co-fine, is 
equal to the fluxion of the fine, drawn into the radius: whence 
it foll ows that n A x c of. nA> n — 2 . A X cof. n — 2 . A, 
n — 4 . A X cof. n — 4 . A, &c. ar e the fluxions of the fines 
of the arches »A, n — 2.A, n — 4.A, £?c. refpedtively j and, 
confequently that 

-— x fin.« — 2 . A -1 -— x fin. 

n — 2 1 n — 4 


— xfin.jz— 6 . A .. + ^MA 

- o 

will be the true fluent fought: where a = 1, &= n, y = 
£ x = y x an d wherein the fign or —, 

before r > obtains according as -J- 1, exprefiing the 
number of terms, is odd, or even. 


M 2 


COROL- 
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COROLLARY I. 

Since the value (M) of the middle term of the binomial 
i -j-Tr, expanded in a feries, is known to be - x — x 

. ilil, by the law of the feries, it is evident that the 

term next adjacent to it (on either fide) will be exprefTed by 
M x v or by M X \ making m = \n. And, in the 

fame manner, it will appear that the next term to this laft will 
be exprefTed byMx^x^; and the next to that, by 
Hf v m x x ; and fo on. Tlierefore, by fubftitut- 

jn-\-1 m -\-2 m -\-2 

ing thefe values above, and inverting the order of the terms, 
the general fluent, there given, will here be transformed to 


—x fin. 2 A ■ 

m -f* I 


m + 




M \ 

a* X ) ^^x^ix^f. 6 A 4 --^-x^^x^^x^^x^f. 8 A 

f OT _ i _2 X m + 3 3 ‘ +1 ^-b 2 ™+3 *+4 

Gfc. where the feries is to be continued till it terminates; and 

where the value of the general multiplicator — will be truly (and 

For 

2 " 4 " 6. » 

I . n — 2 . n — 3 < 


moft commodioufly) exprefTed by -Lx-|-x .x~ 


M being = f- 


—lii, if the numerator 


hereof be multiplied by . in — I . — 2 . — 3 - • • 3 * 

2.1, and the denominator, at the fame time, by its equal 1. 2 

.■3.4 .i-7z — 2 . \n — 1 . we fhall then have M = 

». 7z —1.77—2 «ti —3.3* 2,1 1 ■ 2 >3-4-5-^ >> 7.: ~ ‘ 


. 477x1.2.3.4* 


M 


i- 2 -3-4- 

JV 1 

which divided by 2" gives — 

I-3-5-7.” Zr7 

2.4.6.8. » 


I. 2 . 3 . 4 ... 1 WXI. 2 . 3 . 4 ****” 
1.2.3.4 • 5 ■ 6.7.8 .... 
2.4.6.8...,»X2.4.6.8...» 


C O R O k- 
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COROLLARY II. 

Hence may the fluent of x'xs/ \ — xx be likewife deduced} 
for this expreflion may be changed to x , or to 

vi — xx 

x n x x n+1 x 

-p~. -;-7=; whereof the fluent of the firfl term is 

VI — XX VI - 

• already found = ~x-^-x 4 - . -~ 1 x 

J 246 n 


A-x fin. 2 A -|-— x m 1 x |fin. 4 A, &c. And, by 

making ri z= n + 2, and m — \ri (— m -f 1), the fluent of 

the fecond term-f — ^ in the fame 

\/l - XX \ VI - .YJTy/ 

manner is given equal to — -i- x -2- x .. . . . . 1 x 

A-x fin. 2A, Sfr. = — - x - 2 - x 4 .”-±i x 

A — ?■+ 1 X fin. 2 A 4 - x — - x ' fin. 4A, fife. Whence, 

m -)-2 1 ffl +2 m -|-3 

by adding the fluents of both terms together, we have, after 


proper reduction 


1 • 3 • 5 • 7. » — 1 

2.4. 6.8 . n . n -} -2 


A—i=lxf.aA+^SL=xif.4A-r=^=iysa 

^ m-j-2 7/1 + 2 . m-}-3 .f» 4 - 3 .w 4-4 

I x I fin. 6A + x ^fin. 8A, &c. 

m + 2 • m + 3 . m+4 . w + 5 

where the law of continuation is manifeft, the differences j(6, 
IO, 14, &c.) of the numbers 1, 7, 17, 31, &c. being in arith- 
metical progrefiion. 

COROLLARY III. 

Moreover, from hence the fluent of * x e ^ 

VI - XX 

&c. may be eafily deduced: for, putting ~ x ~ x ^ • * • • ~~ 
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— q, the fluent of the firft term -flT=X.e, is given, by Co- 

2 VI - XX 


m .x2L=ixifin. 4 ASV. 


«/./,= F A-^xii, 2 A+^x^ 

and that of the fecond term (-£L= x/x ) = n -±l xqfx 

_ \V I — ■*-*• _ J ” - 1 - 2 

A — ”b±- 1 X fin. 2A + x -d”_ x ifin.4A£fe. There- 

m - f- 2 m 1 m 3 . , 

fore the fluent of the whole expreflion will be found = q 


? vA-^_xfm.2A + -5-x^-^ 

^ x i 1 « + i ^ + 2 


X - fln. 4A 


” + Yx A—--— Xfin.2A + ^±JL X - 2 - xifm.4A®£. 

W 4- 2 1 CT + 2 M + 3 

l±ixi±3jfxA-=±2x£2A+=±|xS±ixif.4A®c. 
liT+2 *+/ m +3 "‘ + 3 ” , + 4 

0’f. 

which, by making r=|±ixjr, i = f = Yp x *’ 

Gff. will be reduced to 




« 4. ?±-i. f r -f m+ -.i(s 4 - fife, x fin.2A 

• ^jTI ? + m + a 7 ^»» + 3 * T _ 

w— 1 


*_i , m+i ft. . ^±i.^±I.w,y f .xi-f. 4 A 

+ ^+ 7 - CT .:-.a‘ gg ^+ 2 , »«+ 3 ,/ ' y ‘**~b 3 A 

_ ™ m-i ^ f r + &c.X\(. 6 A 

m+i'm + l‘m-\-3 * w + 2 ^+3 w +4 

&C. ® c - 


SCHOLIUM. 

From the fluents determined in the preceding Propofition, 

np + lp-X. _ "P + ifi-'z 

thofe of 5 -==A >/a — bzt x and -j===f=f 

‘Jg—b*? _ 

x e _|_ fz? gz** 4- bz^ &c. (where m denotes any whole p o- 

fitive number, and p any pofitive number whatever, whole or 
broken) may be eafily deduced, by means of a proper transror- 
’ J mation: 



by Means of the Meafures of Angles and Ratios . 
mation : for, \/ a — bz? being = cfj i — —, i e t there 

. p —1 m -f- 1 

be made —=x l , orj z p ==~x l ' } then 2;^+^ —_f. x^d- 1 * 

a b b J 

and confequently, by taking the fluxion on both tides, 
"*+•£ - 

X 2 m -|- 1. x lm x , orz mf + *z 


mp + [p.Z m t > +&~ 1 Z == ~| 


=1 


' +i 2 

x -~.x 2 m x. Therefore our firft expreflion, 


will be transformed to — 2 * — ; x * * 


whofe fluent f Problem II. Corollary I.) will be given 
1 • 3 • 5 » 7.. .. 2^ ^ 


2.4.6.8 . 


pb' 


," + i 


2.4.6.8. 
X 


• » -j- 2 pb m 

m. m- 


A — —r— fin. 2A 4 

^ + 2 1 /n-f-2.w-f-3 


+ 4 

1 — x J-fln.4A- 


Laflly, 


X j fin. 6A - 

.*/>+1 • 


. m — 1. m — 17 
/w-f 2.W+3.W+4 

—a.,-,. x fin gA _ 

W+2. w-j-3 .«-f4.OT-f-5 4 


^a-bJ 


X e -f* f zt 4 fc !f Gf c. will be trans¬ 


formed to 


pir + i ^ 1 — xx 


Xf + ^ x '* + -u-* 4 + & c - and the 
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V <7- 

(fuppofing n = 2m) ; 


A—^_f. 2 A-Hr-.^xif. 4 A-=--=i.*=? x if6A 

ni-^i ot-J-i ^-J -1 zh 4-2 m-j -3 J 

*-{- Gfc. where A reprefents the arch whofe fine is -J —, the 
radius being unity. 

In the fame manner the fluent of our fecond expreflion, 
s/a — bz* X + &-% will be given (by Corol. II.) equal to 
1 . 3 . 5 - 7 • j. n — J 2a m + l 


fluent thereof (by Corol. III.) will therefore be given equal to 
2o - ^+ e 9 +ftx }+gsx~ + &e.x A 
ft ' l —^--+yrx4 x —x-+i'<x^x^i2£jj > c.xf.2A 

^ 1 fli+i , * / b m -\- 2 1 * w + 3 
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x <?x-=-x ==i +>x |x x if.4A 

,* + i 1 m-fi tf>+2 1 *■' b m-\- 2 m + 3 


, . 1 .3-5-7.” — 1 _" + 1 ,- "+? 

wherein q — -— 6 „. „"> r — ?*;T+? f —» + 4 ’ 

/ = jx l±f, @e. 

n +6_ 

When J — becomes equal to the radius, or unity, A will 

a 

be an arch of 90 degrees and therefore, the fines of all the 
arches 2A, 4A, 6A, &c. being then equal to nothing, the 

fttp \p I • 

fluent of z will, in that circumftance, be barely = 


a — bx n 


1 • 3 • 5 • 7 .” .! x Jtl — x A. Moreover, the fluent of 

2.4.6.8.» — 2 _ 

s/a — X 2”* + 'z will then become-—-==■ 

2.4.6.8.« + 2 


„«+ * "j> + &—*. 

- a ——7 X A ; and that of — r - . 


. 1 «+i f a 1 ” + 1 * + 3 

^ * ' 7*4-2* £ ' n-{-2’H4'4* b 1 ' n -\- \ n- f-6 A 3 

X _ 2 i±_ x A ; where q == 1 * 3 ‘f - , and where, if 

+ * 2 - 4-6 . * 

m z=.0) q muft be taken = 1. 


PROBLEM III. 

To determine the fluent of z X cof mz X cof. nz x cof. pz &c. tn 
•which mz , nz , pz, See. are any given multiples oj the arch z j 
the radius of the circle being unity. 

Make A = mz, B = nz, C = />z, ©f. and find (by the 
method on p. 81) a feries of co-fines of the multiples of z, to 
exprefs the continual product (cof. A x cof.B x cof.C, &c.) of 
the co-fines propounded; which feries let be denoted by 
a x cof. olz -]- cof. @z -[- cof. yz -|- cof. iz &c. (a, a, / 3 , &c. being 
conftant quantities) : then will our given expreflion become 
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az x cof. otz -[- cof. j 3 z cof yjz + co ^* & c ' an d lts fluent will 
therefore (by proceeding as in Prob. II.) appear to be = a into 

Tin. «z > fin. j 3 z 1 fin. yz . fin.Jz 

— T-y- w * 

Thus, for example, let the fluent of z X cof. mz X cof nz 
be required ; then will cof A x cof B (= cof mz X cof. nz) = 

x cof A + B + cof A—B = Y xc °f m-\-n.z -f- m — n.z: 
therefore, in this cafe, a = — } a = m -f- n, and (2 = m — n ; 
and confequently the fluent fought = ~ into ” ’ z -(- 

fin. m — n.z 
m — n 

In like manner, if the fluent of z x cofmz xcofnzx cof.pz 
were to be required ; then would cof. mz x cof nz x cof pz 

(= cof A x cof B x cof. C) = — into cof m -\- n p. z -\~ 

cof m + n —p . z -f- cof m — n -p p.z -f- co f -m-\-n-\ -p . z * 

and therefore the fluent fought = — into n f f % 4 - 

__ 4 m + n +P 

fin, m -4- n —p . z . fin. m — n+p.z , fin. — n + m+p . z 
m+n—p * m — n+p * — n + m + p 

By the very fame method the fluent may be determined 
when fome, or all of the fa&ors are fines (inftead of co-fines). 

Thus, if there be given z X cof mz x fin. nz> it may be wrote 

z x cof mz x cof 90° — nz 5 which is = ^ into cof 90° -\- 

m — n . * cof m-\- n ,z — 90° — into fin. n — m.z 

+ fin. n + m . s j and fo the fluent (by procee ding as in 

Problem I.) will come out = — into ver . fed fm - ” -f- 

' 2 n — m 

^erfed-fin. n + tn . z 
n + m 


N 


PRO- 


go 
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PROBLEM IV. 

From the equation tfy + + -J;r "t" jr + -^7 + ^ c ‘ = 0 

.(wherein a, b, c, d, &c. denote conftant quantities) ; it is pro- 
pofed to find the value of y in terms of z. 

Affutne y = «M“ + / 2 M’* + vM** + &c. in which 

M denotes the number whofe hyperbolical logarithm is unity : 
then will y — mzaMr + «z/3M“ + fizyMP &c. 

y — mzo. M“ + nzl 3M“ + p'zyW* &c. 
y = »j3i3 a M”* + » 5 » 3 |8M“ + piz>yMt“ &c. 

&C. &C. 

Which values being fubftituted in the given equation, we have 
aaM mx 4 a(M nx + ayM?* (Sc.j 
ImeM- - 1 - bn/3M nx 4 bp y W* (Sc. l Q 
cm'ocM mx -j- crffcM™ 4“ cp'yW x (Sc.C 
dmiuMr* 4 dn*Q M“ 4 ^yM x (Sc.J 
(Sc. &c. 

From whence, by equating the homologous terms, we have 
a ^ bm Ar cm' + dnfi (Sc. = o, a 4 bn 4 cn * 4 ^ & Cm 
= 0, a + bp + cf 4 - dp 3 (Sc. — o, (Sc. that is, the re¬ 
quired values of m , n y p , &c. will always be the roots of an 
equation, abx ex' + dx* (Sc. = o, wherein the given 
quantities are the fame, in every term, with thofe in the flu- 
xional equation propounded. Therefore, when thefe roots are 
known, the value of y will alfo be known : in which the coef¬ 
ficients a, & y y S y (Sc. may denote any conftant quantities at 
pleafure; as is evident from the procefs. 

When fome of the roots of the equation a 4 - bx 4 cx% 
dx 3 4- ex* (Sc. = o, happen to be impoflible, the values oi 
the correfponding terms of the feries xM mx 4 / 3 M** 4 7 ^* 
4 SM? X (Sc. will then be exprefled by means of the fines and 
co-fines of circular arcs. Thus, for example, let the fluxio¬ 
nary equation propounded be y — = o ; then we ftiall have 

! — x* = o ; whereof the four roots are 1, — 1, 4 —' J> 

and — J — 1 , and, thefe being fubftituted for m> n y p , and 

f> 
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q> refpe&ively, y will here become = «M 3 + ( 3 M~ K 4. 

Now, to take away the imaginary 
terms yM 2 ^ -1 4" x , we may write k -\- l = y y and 

k — / = $; whereby the fum of the faid terms will be = 

k x M zV ~ l 4- M Kk/ ~ l -f / x M ^- 1 — M ~ x ' / - 1 =2kx cof. 
z 4- -^==z x fin. z (vid. p . 78) : whence (putting h = 

we have y r= «M* 4 " / 3 M~* + 2k x cof. 2; 4- 2b X fin. z j 
where a, & h , and £ denote any conflant quantities, at 
pleafure. 

In like manner, fuppofing the equation given to be y 4- 4 j 
= °y we &all have 1 + dx* = o ; whereof the three roots 
are — d~i, J~i y 1 + J _ 1 , and d~i x~ — J— 

i ^ f j - 2 ^ 

which, if r be putrs^ - ^ andwill be more 

_4 

commodioufly exprefled by —j, .1*4 z^/- j, and —Zv^T: 
And thefe values being fubflituted in tlie room of m > «, and />, 
we fhall havey = «M““ + QN[- iX + t *' /z: ' 4- yM. { ‘ x ~ ,x ^~ l = 

aM 4 " x / 3 M 1 4- ; which, by reafon- 

in g as in the preceding cafe, i s reduced to y = «M~'* -f M*‘* 
x 2b x fin. tz 2k x cof. Z£. 

PROBLEM V. 

From the equation ay + b f ^ 4 “ % Gfa = AM'* 4 

BM** 4 CM r * &c. to determine the value of y ; fuppofing M to 
denote the number whofe hyperbolical logarithm is unity , and a , 
c, &c. A, B, C, &c. any confant quantities . 

Afluming y = PM'* 4- QM?* 4- RM r * &c. we hav* 
y = pzPM?* 4- <?zQM ?2: 4“ '■zRM r * &c. 
y = p'zBM* 4- fzQMi* 4- r^'RM'* &c. 
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which values being fubftituted in the given equation, it becomes 
a?W* 4 - &c. l 

bp?W* 4- baQM 1 * 4- brRM rx &c. I = AM * 5 + BM** 4* 
cp'PMt* 4- eg QM** 4 - cr RM r * &c. f CM'* &c. 

&c.. &c. J 

From whence, by comparing the homologous terms, we have 
^ A ^ __B__ 

P “ a + Ip + cf + dp 1 tsc? ^ r ~" a + bq + cq 1 -f dq 3 &c . 9 

_5_, £$c. whereby one value of y is known. 

« + hr + a* + dr 3 &c . 9 3 . , , . 

But the value or fluent thus found, in order to render it 
general, mull be corrected by the value of y found in the 
preceding Problem, that is, by the quantity uM m ' x -f“ j 3 M"'* 
4 _ yM?'* &c. wherein rri , n\ p\ &c. denote the roots of the 
equation ei 4 “ bx 4 " cx 4 " dx* &c. = o, and «, / 3 , y, &c. any 
conftant quantities. For, fince all the terms arifing from this 
laft part of the value of y, by fubftituting in the given equa¬ 
tion, do mutually deftroy one another, the other terms affefted 
with P, Q, R, &c, will be no-ways influenced thereby, but 
remain exactly the fame as above determined. 


COROLLARY. 


If the equation given be my + 4 ? = AM* 5 + BM?* 4 * 
CM r * + DM 1 * &c. then (a being = m\ c= i, and b , d , e, 

&c. each = o) we have P = , Q — ■_ B , ■ —> & c - 

and x = 4 - m>/ — i 


+ PP* ^ 

and confequently y = 4~ 


m 


— : 


— , AM f * 


' + 


BM ? * 


&c. — zh x fin. mz zk 


mm -f- pp mm -f < 

x cof. mz + — “4 + —^4 &c - ( f ee Ex - 1 t0 Prob - V ') 
1 mm -j- pp 1 mm -p qq 

Hence it follows, that, if the equation given be my + £ 


(_ AM”''-’ -\- + A'Mr' / ~' -f &c-) 

— 2 A X cof. 7 tz 2 A' x cof. qz &c. the value of y (by fubfti¬ 
tuting — n = p\ — n — q\ — = r \ — { = 5 9 

A = B, A'= C, A' = D, &c.) will come out = 2 hx fin. 
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+ X cof. mz 4- —- 4- ——- &c. = ih x fin. wz 

1 mm — 9r?r — w 

4- 2 ^ x cof. wz 4- ——— x cof 7r£ -1-—— x cof oZ &C. 

1 mm — 7T7T mm —ff 

Which equation (wherein h and k may denote any conflant 
quantities) is of fingular ufe in determining the figure of the 
lunar orbit. 

In like manner, when the general equation propounded is of 

this form, ay + # -f -g + : ±&e. = AaC + Ba^' + CaT-* 

4- D z v ~ 3 &c. the value of y may be determined, by affum- 
ing Pz v -f- Q^ —I -|- Rz' 1 '— 2 &c. — y ; from whence, by fub- 
flituting in the given equation, and comparing the homologous 

terms, there will be had P = -, Q = ——, R = 

a a 

C~V- I . £Q_.-y .v—i.cP n D-V -2 . bR—V— I • V-2 . cQf-V . V— I ,v —2 . dP 

- --) — —■ ~ --- > 

a a 

&c. where the feries will always terminate, provided v is any 
pofitive integer; and where, if to the value of y thus deter¬ 
mined, the corre&ion or feries («M W * + /3M”* yM? x &c.) 
found by Prob. IV. be added, the general value of y will be 
obtained. 


PROBLEM VI. 

To determine the value of y in any fluxionary equation of this 

form, Jj+fr+|r + V+ 4’ = A } f u Pt°f m S A t0 re P re ' 
fent any quantity expreffied in terms of z and known coefficients . 

1 °. Make y = x flu. zPM - ^* (wherein P denotes a 
variable quantity, and p a conflant one, to be determined): fo 
fhall y x M-t* = flu. zPM“^, or (by taking the fluxions) 
y x —- v x pzM~ fz = zPM"^ j whence, dividing the 

whole by zM~^, we have 4 — py = P. 

2°. Make P = M?* x flu. then our laft equa¬ 

tion will be transformed to ~—py x M~f* = flu. zQM~ ?;B ; 

whence, 
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whence, by taking the fluxions, 4- — py x M~t* -f- 4-— /y 
x — qi M~»* = zQM-t", or i — p -\-q. 4- + /^V = 

by dividing the whole by zM ?as . 

3 °. M ake, now, Q_— M rz X flu. zRM“ rz ; then will 
,v_ + pqy X M~ rz = fluent of iRM-'*, or 

L—y+~q.l+pqyy.Mr'‘+l x — T+q-l+P® * — 

zr z 

riM -r * = zRM-*, or, laftly, /> + ? + r --fr + 

/FT^-Tr .4 .-pqry = R. 

4 °. Make, again, R = M“ X flu. zSM-“, and proceed 
in the fame manner; fo fhall 4 — _/> + ? + r + s • 

— pqr+pqi-\-prs + qrs.f -f 

__ s : from whence the law of continuation is manifeft. 
Let, now, the feveral terms of the equation ^ — /+?+ r + J 
. L &c. = S be compared with the corrcfponding terms of the 

z 3 

given one, L ^ &c. — A : fo fliall p + q -f- r &c. = 

— a, pq 4- pr + p* + ? r &c - = — ^ Pqr -r Pl s &c -. =f 

— c, &c. &c. Whence, from the genejh of equations, it is 
evident, that p, q, r, &c. are the roots of an equation ** + 

ax^ bx % -f- cx -j- d = o (or, x % \ ax n 1 -f- bx n 1 &c -o) 

wherein the given quantities are the very fame with thofe in 
the equation propounded. Therefore, when the values of thefe 
roots are found (by any of the known methods) the values ot 
R, P, and y may alfo be found, one from another, 

fucceflively. £>. E. L 



95 


by Means of the Meafures of Angles and Ratios. 

The fame otherwife. 

Let (if poflible) y = AM* x + BM^x flu. 

zAM-1* 4- CM" x flu. zAM- r * &c. (A, B, C, &c. p, q, r , 
&c. being conflant quantities to be determined): then, by 
taking the fluxions, we lhall have 

Irz/AM^xflu.zAM-^+AA-f^BM^xflu.zAM-^+Gfr. 

^ =/'AM^xfl.zAM-^ +/>AA + fUAM-? s &?<-. 

4==/ 3 AM'*xflu.sAM-f*+6 i AA+-^+ — 4- &c 

Z 1 * 1 ZZ * 

•L—^+AM>*xflu.jsAM-^+/3AA+£^+^4-4^ £fc. 

Which values being fubftituted in the given equation, and the 
homologous terms being compared, we lhall thereby get p*-\-ap^ 
+ + cp + d = o , + a q* + bq l 4 - cq + d == o, &c. 

alfo S p l -\~ a P ZJ r b P + c xA + y 3 + <gy a + fy + f x B j ^ 

1 r' + ar z + br + c x C + J 3 + as 1 + bs c x D j 
p x ~yap-\-b xA-ff-f aq-\-b X B -|- r x -\-ar-\-b X C -j“ s 2 ‘-\-as-\-b X D=o 
/-(-^xA + ^ + ^xB-f^-f^xC + ^ + ^xD = o 
A + B + C + D = o. 

Now, from the former of thefe equations, p* -j~ 4" bp * 

4“ C P + ^ = °> 4~ a f 4" bq l 4-^4- dy=z o, &?f. it ap¬ 

pears evident, that />, r, &c. are the roots of the equation 
x+ -|- ax' 4“ bx 2 4“^4“^ — ° ( or > more generally, of 
x m + ax”~' 4" bx"— z &c. = o, n denoting the order to which 
the fluxions afcend in the given equation); which roots being 
therefore found (by any of the known methods) the values of 
/>, q , r, &c. will be obtained. But to find from thence and 
the remaining equations, the values of A, B, C, &c. let the 
felt of thefe equations multiplied by a, be fubtracled from the 
preceding one, fo lhall pa -f- qB -j- 4" jD = o : moreover, 

let this new equation multiplied by a , be fubtra&ed from the 
Lft but two, and from the remainder let bA 4- bB 4" bC -4- 
= o be again fubtraded, whence will be had p % A 4 - ? 2 B 
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-\- r C + = o: and, in the fame manner, from the firft 

equation, will be had /> 3 A + q 3 B + r ^ "4 —.* (^ e ’ 

caufe i, and not o, forms the latter part of that equation). 

Now, from each of the equations (A -f B 4 f -f ^ 
pK + qB + rC +- sD = o, p 1 A + qB + r 2 C + = o, 

pi A + q*B -h r 3 C 4- s 3 D = i) thus derived, let the preced¬ 
ing one multiplied by />, be fubtraifle d : fo lhall 

f^J.B -\- r — p .C 4 -s —p.D =o, 
q — p . qB 4- r — p .rC 4" s — p • sD — °> 

JZTp . ^’B 4- r—p . r'C 4- s—p . FD == r. 

Moreover, from each of thefe lafb equations, let the preced¬ 
ing one multiplied by q , be in like manner fubtratted j whence 
will be had __ 


r — p.r — q .C + s — p .s — q. D = o, 
r — p .r — q ,rC 4" J — p . s — q . sD = l. 

Again, from the laft of thefe, let the pre ceding one multi- 
plied by r, be fubtra&ed ; then will s — p.s — q.s — r. D 
— i, and .confequently D = j— - —j -- pfjp : w ^ ence lt 
manifeft by infpeftion (becaufe p is the fame with refpedt to A, 
as s is to D, &c.) that A = =—4=.——, B =-- -— r~"> 

’ ' p — q.p—r.k C. q—p.q—r.U C* 


Q — 1 —-, From whence the value of y ( = 

r— p.r — q . c. 

AM^xflu^AM'^+BM^xflu. zAM" 1 *&c.) will be known, 
let the orders of fluxions in the equation afcend to what height 
they will.—Thus, for example, let the equation propounded 

be 'L -1- m'y — M”: in which cafe, a being = o, b = m\ 

c = o, &c. our general equation, x’ + ax"~' -f- bx n * cx 3 
&c. = o, will therefore become x 1 -f m = o ; whereof the 
two roots (p and q) are mV —i, and — mV — I 5 from 
whence A (= —1—) = — j=, and B (= — -) = 

-: alfo, becaufe A is here = M”, we havey = AMP 

2 m\/ — I v 



by Means of the Meafures of Singles and Ratios. 

x flu. zM— ** + BM?* x flu. zM ra -f* = —‘ 4- -IT = 

— qi-— (by fubftituting the values of p> q , A, and B). But 

in order to render the folution general, the value of y thus 
found muft, always, be corrected, or augmented by the quan¬ 
tity -f- /3M?* -f- yM. r * &c. (given by Prob. IV.) where eg 
/S, y 7 <5*, G?c. may denote any conftant quantities whatever, 
pofitive, or negative.—Other inftances of the ufe of exponential 
quantities, and of the meafures of angles and ratios, in the 
refolution of fluxionary equations of different kinds, might be 
given; but I (hall conclude here, with obferving, that A, in 
this laft: folution, may denote any quantity wherein both y 
and z enter, as well as one in which z is alone concerned in¬ 
dependent of y. 
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An Investigation of aGEN era i. Rule for 
the Refolution of Ifcperimetrical Problems of all 
Orders. 

LEMMA. 

pr*,K*\UP POSING «, |3, y, S, e, &c. tobeaferiesqfin- 
k= s M determinate quantities, 

R, S, T ] - 1 

<> R', s', r , a 

I 9", R", S", T' are any quanti-, y \ana given 

and thati ^ S'\ T" ties compofed of $ quantities ; 

i sr,K"‘,S"', F" e 

[&c. J l&c.J 

It is propofej to find an equation for the relation of a, (3, y, l, 
(Sc. fio that the quantity 4L+ C+ C + ® bc ; J hallbe 

a maximum or minimum, at the fame time that the other quan¬ 
tities R + R' + R"+R"' +R"“ &c.S + S+S + S fiS 
_)1 S'" &c. and T A- F -\-T + T + F &c. are all of 
them given, or fuppofed to remain invariable. 

“M i ttTl ct”*¥* + *■+P 

++ y + S*+> + s* .®<- r+r + r 

» q‘ ! " j_ <f"" & c . refpe&ively, expreiled in terms of u, any 
one of the propofed quantities a, /3, y, i, e &e. moreover let the 
fluxion of being variable) be denoted by qa ; that of R by 
r«; that of C by q% that R' by vfl,& c ; ©J- 

It is evident that the quantity 4b "h 4b “h 4L d"^L 

&c. cannot be a maximum or minimum , when R -\- R ~T~J^ fl, 
R"' + R'"' &c. S +S'+ S" + S'" + ST &c. and T + ? 
eg" _|_ <f"" &c. are given quantities, unlefs the part 

^ -j- ^ ^ is a maximum or minimum , when the 
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parts R + R + R + R", S + S + S' + S", and f + T 
4 - T*' 4 " < F" are given quantities; becaufe the terms in thefe 
parts may be alone made variable, while the other terms 
are fuppofed to remain the fame, whereby the whole fums, 
R + R! ±R"+ R'" 4 - R"" See. S 4 - S' 4- S" + S'" + ST" 
&c. will remain the fame, and the quantity ^,+ ^ -j- 
4 * 4 " & c - will be a maximum or minimum , when the 

part <9,+ 4L4" K, 4- C is But when ^ 4* C 
4 - is a maximum or minimum , and R + R R' 4* R'\ 
S + S 4~ S 4 " an ^ 7 * 4 ^A 4" 7 " 4 - T" are given (or 
conftant) quantities, their fluxions will be, all of them, equal 
to nothing; whence we have thefe equations, 

qk 4- q* 4- 4$ + fy = © 

rii 4- ra 4 r V = ° 

4 - sa 4 “ s '& 4 " s y z=zo 
tu 4 " t* 4 " 4 “ ^ ° 

In order now to exterminate the fluxions w, a, /3, y, let 
thefe equations be reipe&ively multiplied by i , e,f g, (yet 
unknown) and let all the produ cts thence arifing be added 

together; whence will be had q 4 er 4- fs A-gt x u 4 - 
J+en+fs+gtx i +4 Jrer+fs+gt' x P+f+er'+jr+g/'xy 

Make, now, q + tr -\-fs Ar gt — o, 
q + tr ft + gt — 

?"+ er" Arjs" + gt" — o. 

From whence, there being as many equations as quantities, 
e, f g> t0 determined, the values of thofe quantities will 
always be given from thence, in terms ot the quantities y, r, r, f t 
q , r , /, /; y", r", /' (exclufive of y, r, J, /,). N ow, fee¬ 

ing all the terms o f the equation q 4 - e r 4 fs A-gt x u 4 - 
<}-\-e r -\-f s +g t 'x*+4 + ‘r'+f s '+gt'x P J r 4'+ er "+fi"+g^'x y 

= o, after the firft (q 4 er ~\-f s 4"£ t * *0 do thus actually 
vaniffi (by their coefficients being taken equal to nothing), it is 
evident, therefore, that q e r 4~ f s -f" g *~ l mu ^ : be = o 
(or flux. ^4 eflux. R 4 -/x flux. S 4^x flux.T = 0 ); where 

O 2 
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e , f g being quantities depending intirely upon q, r , s, /, &c. 
(exclufive of q , r, r, /), they muft neceflfarily be invaria¬ 
ble, or continue of the fame value, let q, r, s, ?, ftand for 
which terms you will of the correfponding feries’s, q" 
r"+ A; See. becaufe the quantities q, r, s, t; q\ r, /, /, q > 
r", s', (on which e, f g , depend) have themfelves a deter¬ 
minate value each, in the required circumftancc, when 
^q- ^ &c. a maximum, or minimum. 

PROPOSITION. 

Sutpofing y and u to be two flowing quantities , and that 
R~ y S~ y f &c. are quantities exprefled in terms of y, u, and 
given coefficients ; *tis prepofed to find an equation , exprefling the 
relation of y and u (or of R, S, T, &c.) fo that the flu¬ 
ent of £>y, correjpcndwg to a given value of y, Jhall be a 
maximum or minimum, and the fluents oj Rjr, Sy , fly, &c. 
all of them, at the fame time , equal to given quantities. 

Let if", &c. be the different values of fj, that 

will arife, wheny is, fucceffively, expounded by the terms of a 
given arithmetical progrefiion whole common difference is the 
indefinitely fmall quantity y' (a, y , &c. denoting the re- 

fpedtive values of u\ and let R, R\ R'\ R'", &c. be 
the correfponding values of R, See. &c. Then it is well 
known that the fum of all the quantities q~ q- g/'y 
+ C>'+ ry & c * b e = fluent of £y; and the fum of all 
the quantities Ry -f- R'y-f R'y'ff R'y + R'y See. = fluent of 
jRy, &c. But, by the Lemma, it appears, that j^-|- ^ 

+ ■£" q- &c. or ^y + + f y + €i + & c - (becaufe 

y is conffant) will be a maximum or minimum , and the quan¬ 
tities a/ q- ay q- ry q- ry, &c. sy + sy +ry + ry, 

&c. at the fame time equal to given ones, when the relation 
of y and u (or of S, r, &c.) is exprefled by the equa¬ 

tion, flux. g>f-e x flux. R-\-fx flux.Sq-g x flux. T = o : where e , 
/, g, &c. denote (unknown) conffant quantitiesj and where, 
in taking the fluxions of r S’, T, Sec. the quantity // is, 

alone, 
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alone, to be confidered as variable; becaufe the fucceflive va¬ 
lues ofy, entering refpe&ively into &c. are 

conftant quantities , being (by hypothecs) fuch as fucceflively 
arife.from the terms of a given arithmetical progreflion. Hence 
we have the following 

GENERAL RULE 

for the Rejolution of Ifoperimetncal Problems of all orders. 

Take the fluxions of all the propofed expreflions (as well that re- 
fpedling the maximum or minimum , as of the others whofe fluents 
are to be given quantities ^ making that quantity , a?id likewife its 
fluxion , invariable , whereof the fluxion (as well as the quantity 
itfelf) enters into the fluid expreflmis-, and , having divided every¬ 
where by the fluxion of the other quantity made variable , let the 
quantities hence ariflng , joined to general coejjicients r, e y f g y &c. 
be united into one fum, and the whole be made equal to nothing: 
from which equation (wherein the values of e,f g y &c. may be ei¬ 
ther po/itive, or ?iegative, or nothings as the cafe requires), the re¬ 
quired relation of the two variable quantities will be truly exhibited. 

To illuftrate the uleof the rule here laid down by an example, Fig. 22 . 
let x and y be fuppofed to reprefent the ordinate (PQJ and ab- 
fcifla (AP) of a curve AD^E; and fuppofe AFRG to be an¬ 
other curve, having the fame abfcifla, whofe ordinate PR is, 
every-where, — ax m y '; ’tis required to find the relation of x 
and y, fo that the area BFGC, anfwering to a given value of BC, 

(hall be a maximum or minimum , at the fame time that the cor- 
refponding area B DEC is equal to a given quantity. Here, by 
hypothefls y the fluent of ax m y r y is to be a maximum or minimum, 
and that o fxy equal to a given quantity: taking, therefore, the 
fluxions of both expreflions, &c. (making x alone variable, 
according to the rule), we thence get max m -~'y~y — ey •=. o: 

whence x m ~'f = ■— and confequently ax m y* (== PR) — 

Therefore, feeing PR is in a conftant ratio to Pj^, it is 

evident, that both the curves will be of the fame kind; and 
that they will be both hyperbolas , or both parabolas, according 
as the values of the exponents tn — 1 , and n (in the general equa¬ 
tion 
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tion * W -V = —) are like , or unlike, with regard to pofitive 

' ma ' 

and negative. \im—\ be poftive, the equation gives a mini¬ 
mum \ if negative , a maximum \ but when m — i =:o, or when 
m — o, the equation fails j in which cafes there will be neither 
a maximum , nor a minimum. 

For another example, let the fluxions given be^r: and x y the 

fluent of the former (anfwering to a given value of y) being to 
be a minimum , and that of the latter, at the fame time, equal 
to a given quantity. Here (x being concerned independently, 
either, of its fluent * or fluxion x) let the fluxions of both ex¬ 
prefiions be taken, making x alone variable j whence, after 

dividing by x y we have ^ and i: therefore, in this cafe 

-\-e— o: whence x=.aSy~^y (fuppofing a — —■ \e ); and con- 
fequently x=.2a* y* •, being an equation anfwering to the com¬ 
mon parabola. The fame concluflon may be otherwife derived 

(without fecond-fluxions) by afluming — = v y whereby our 

two given exprefiions will be transformed to yyv* and yv: from 
whence, by the rule, we get 3 v~yy -f- ey=o- y and therefore v 

^~r ^ = aS y—i ; whence x = a l y~y> and confequently x = 

2 a k -y* y the fame as before. 

Fig. 23 . If the abfcijfa (AP) of a curve A$C be denoted by *, and 
the ordinate P^ by y, and p be taken to exprefs the meafure 
of the circumference of a circle whofe diameter is unityj it is 
well known that the feveral fluxions, of the abfcifla AP y curve¬ 
line A^, area AP fuperficiesof the generated folid (by a ro¬ 
tation about the axis AP ), and of the folid itfelf, will be, re- 
fpectively, reprefented by x y s/xx-pyy , yx , 2 py */xx-\-yy y an& 
py z x : if therefore, the fluxions of thefe different exprefiions be 
taken, as before (making x alone variable) we fhall get 1 

—4- fy 4- 4- hy x = o 5 being a general equa- 

Vxx+yy y Vxx-\-yy 

tion for determining the relation of x and y, when any one 
of thofe five quantities (viz. the abfcifla, curve-line, area, 
luperficies, or folid) is a maximum or minimum , and all, 
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or any number of the others, at the fame time, equal to given 
quantities; wherein the coefficients e , f, g, and h , may be po- 
fitive, negative, or nothing, as the cafe propofed may require. 
Thus, for inftance, if the length of the curve only be given, 
and the area correfponding is required to be a maximum, our 

equation will then become fy = o, or a x = 

/ x xx + yy (by making a = — y) > whence a: = -^~ a _ ^> 

and confequently x = a — s/aa — yy, or 2 ax — a: 4 —y * } an- 
fwering to a circle ; which figure is, therefore, more capacious 
than any other under equal bounds. 

If, together with the ordinate (which, here, is always fup- 
pofed given) the abfcifla, at the end of the fluent, be given 
likewife, and the fuperficies generated by the rotation of the 
curve about its axis be a minimum', then, from the fame equa- 

tion, we fliall have i + = o, whence (making a — 

_-i) x is found = —r- y —, and from thence x = a x hyp. 

g J _ Vyy—aa 

log, y ~^~ ^yy~ z f ±. equation, by being impoffible when 

y is lefs than a , ffiews that the curve (which is here the cate - 
naria) cannot poffibly meet the axis about which the folid 
is generated; and confequently, that the cafe will not admit of 
any minimum, unlefs the firft, or leafl: given value of y, exceeds 
a certain affignable magnitude. 

When any, or all of the above-fpecified quantities are 
given, and the contemporary fluent of fome other expreffion, as 
xx-j-yfl” x y m y is required to be a maximum or minimum , 
our equation (by taking the fluxion o f this lafl: expreffion, and 
joining it to the former) will then be xx +J^r _1 X znxfy I “ 2 ‘ 

+ which> when 
m— 1 , and n=z — 1 , will be that defining the folid of the 
leaf refifance ; and this, when the length of the axis, only, is 
fuppofed to be given (without farther reftrictions) will be ex- 
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prefled by xx x — 2xyy d — o, or 2 yy'x = d X 

** _|_ yj\ ; being the cafe firfl: confidered by Sir Isaac New¬ 
ton—I f both the length a nd the fo lid content be given, the 
equation will be — 2 xyy x xx-fyy\f z + d + hy = o; but 
rf, befides thefe, the fuperficies is given likewife, it will then 

be — 2 iyfx +^* = °‘ 

Thus, in like manner, by affuming m = — and »=—> 

y~*x J , e * _ , r , jy x _ , 7 z 

we have +d+ 4 ^ + ✓* + * + ^ - 0; 
being the general equation of the curve oj the fwiftefl defcent; 
which, when e , Jg , and h are all of them taken equal to 

nothing, will become y . == 4- d ; which is the cafe confi- 

•y XX + yy 

dered by many Others, anfwering to the cycloid. When the 
length of the arch defcribed in the whole defcent (along with 
the values of x and y) is given, the equation will then be 

■ y - xJL t- 4 - dA-- ,^=r ~. =0, or e 4 -y~i\ xx 1 = d'xxx+yy. 
x / xx +yA“^ r Sxx+yj > 1 / ^ 

And thus may the relation of * and^ be determined in any 
other cafe, and under any number of reftri&ions; provided 
that one of thefe quantities, only, enters into the feveral 
expreflions given.—When both x and y are concerned, as well 
as their fluxions, the confideration becomes more compli¬ 
cated; nor does it feem practicable to arrive at a General 
Rule, to anfwer equally in fuch cafes. Neverthelefs, if the 
ultimate values of * and^y are fuppofed given, or the required 
curve is to pafs through two given points, without being con¬ 
fined to farther limitations, except that of the maximum or 
minimum (which cafe is the chief, and the moft ufeful that 
can occur); then the method of folution may be as follows: 

Take the fluxion of the given expreflion (whofe fluent is to be a 
maximum or minimum) making x alone variable ; and, having di¬ 
vided by x, let the quotient be denoted by u. 

Take , again, the fluxion of the fame expreflion , making x, alone , 

variable ; which divide by x: then will this laft quotient = u. 

From 
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From which equation the value of u, and the relation of a* 
and y will be determined. 

Thus, for example, if the expreflion propounded (whofe 
fluent, correlponding to any given values of at and^’, is to be a 

minimum) were to bethen the fluxion thereof, 
when x alone is made variable, being/'-J-^A: and, when 

x alone is made variable, equal to , we here have/-]- gx x — 
= Uy and y- =r it ; the latter of which, divided by the former, 

g‘ ves ~ u — ; whence hyp. log. u = hyp. Iog./+g*l* + 

hyp. log, d (d b eing any conftant quantity). Confequentlv 
u = d + which value being fubftituted in the equati¬ 
on f -f- gx x = Uy we thence have / + gx} x a* = 

\dy~'y\ or/+g*|* x x = cjrty (making c = s/-j), and 

confequently by taking the fluent again, we have 3 ~ 

= 2 f i exprefling the general relation of x and y, fuppoflng 
them both to begin to be generated together.—If f = i and 

g = o, the fluxion propounded will become (the fame as 

yy ' 

in the firfl: of the former examples) ; and here, x being = 
c y~~y, x will be = 2 cy*, anfwering (as before) to the com¬ 
mon parabola .—But if f = o and g = 1 , then our given 

fluxion will become —, and the refulting equation will be 

yy 6 

ix* = 2 cy'y or x 8 =z af (a being put = yj s ) ; which alfo 

anfwers to a parabolay but of an higher order.—The very 
fame conclufions will, in like manner, be brought out by 
making y and j, fucceflively, variable (inflead of x and x ). 
For, here, the two fluxions refulting (after having divided by y 

P and 
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and y) appear to be HEjpA A = and Z ±E^L = *.• 

whence, dividing the latter by the former, we have ^ = 

and therefore — hyp. log. / + hyp. log. a = hyp. log. a 
[a being any conftant quantity). Confequently, ay * = * = 

f + ^x — 2 yx*_ an( j f^gxf x x = (c* being put = 

_ [a). Hence, by taking the fluent again, we have 

3 X / + £ A I 3 3/*. 2 cy\ the very fame as before. 

4 s 
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Of the Reduction of Algebraic Equations, by the 
Method of Surd Divisors; containing an Ex¬ 
planation of the Grounds of that Method, as it 
is laid down by Sir Isaac Newton in his Uni- 
verfal Arithmetick. 

&)O 0 & 9 fcHE reduction of equadons by furd divifors, which is 
Q T Q looked upon, by many, as a very intricate kind of 
SqGOJOk fpeculation, is founded on the fame principles with 
the method of extracting the roots of common qua¬ 
dratic equadons, by compleating of the fquare, with this diffe¬ 
rence only, that the fquares on both fides of the equadon are, 
here> affeCted by the unknown quantity j whereas, in the com¬ 
mon method, the fquare on the right-hand fide is a quantity 
intirely known. What we, therefore, have to do, is, to 
Separate , and fo order the terms of the equation given , that both 
[fides thereof may (if pojfible) be complete fquares . 

Case I. If the given equation be a biquadratic one , let it be 
5 * 4~ P x ' ~h 9 X * 4" rx -f- s = = o, and let there be affumed 

xx+'fx+k} 1 —^ + B\ k =x*+px'+qx'+rx+s(= 0)5 

that is, let the values of the quantities A and B be fuppofed 
fuch, that the coefficients of the powers of x, when **+ 
and Ax -f- B are fquared, fhall agree, or be the lame, in every 
term, with thofe of the equation given. Then, the faid quan¬ 
tities being actually fquared, our equation will become 

P x1 4 * * * 1 

+ **4- +C |==^+/^4-^ 1 4“ r ^4- J * 

~AAx t — 2 ABx—B l J 

From whence, by equating the coefficients of the homologous 
powers, and putting a = q — }pp, we have, 

*• 2 ^,4- iP % — A' = q, or, Jt 4- «; 

2 . — 2 AB = r, or, = zAB + rj 

3 . B' = s, or, <£=J 3 ‘ + j. 

P 2 Now, 
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Now, if the value of as given by the firft equation, be 
fubftituted. in the other two, we (hall get {p/1 — 2 AB — /3, 
and ' A' 4- {aA — B' = & fuppoiing 0 = r — {up, and 

9 __ _I aa> In which equations the unknown quantities 

appertaining to the latter of the two afliimed fquares are only 
concerned, and from which their values might be found. But 
as the refulting equation, when one of the quantities is exter¬ 
minated, rifes to the fixth dimenfion, and would, perhaps, re¬ 
quire more trouble to reduce it than, even, the original one 
propounded, little advantage would be reaped therefrom. In- 
ftead, therefore, of proceeding farther in a direft manner, it 
may be of ufe to try, whether fome property, or relation of 
thefe quantities cannot from hence be difcovered, whereby we 
may be enabled to guefs at their values; which may be after¬ 
wards tried by means of the equations here exhibited. 

Firft, then, it is evident, if both A and B are either int egers 
or rational quantities, that the equation x 1 + ifx + Ql “ 7 * 
A* 4?BY (= + px' + qx 1 + rx) = o will, even after it is 

reduced to + \px + A* + B, be intirely free from 

radical quantities. In which cafe, the method of rational dt~ 
vifors taking place, a reduction by means of furd quantities, or 
divifors, as they do not naturally arife in the confideration, 
cannot be of ufe. But the relation of the given quantities 
p 5 r , s (which we fhall always, hereafter, confider as inte¬ 

gers) may be fuch, that the values of A and B fhall be radical 
quantities, commenfurate to each other 5 in which cafe, where 
the method of rational divifors fails, we may affume v/ n for 
the common radical divifor, and exprefs the quantities them- 
felves by V and W n ; that is, we may make A =ky/n, 
and B = /\/ n ; by which means our two equations, derive 
hbove, will be changed to \pk'n — 2 kin = /3, and -]k n -r 

{ak'n — ln x = £ or to \pk' — 2 U = *, and 'Jtn + ak' — 
2 —refpedively. 

Now, ftnce n is fuppofed to be an integer, it is plain from_ 
hence (conftdering k and / alfo as integers, or the halves o 
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fuch) that — and — muft be integers likewife, or, at leaf!:, the 

72 72 

halves of integers; and confequently that n (whofe value we 
are here feeking) ought to be fome common integral divifor 
of (3 and 2 ^. 

Moreover, with regard to k and /, it is evident from the 

firfl: of thofe equations (\pk — 2 1 z=--j that the former ( k ) 

. ' e 

ought to be fome divifor of —-; and that, if the quotient j be 

i\ 

taken from \pk, the remainder (\pk — -j J will be the dou¬ 
ble of /. 

It farther appears, from the equations g*j= — -f a , and^= 
J3 1 —J— s } by fubftituting for A* and B l their equals nk 1 and tz/% 
that 4^ will be = c , and /* ~=i From the former 

of which ^ will be known, when n and k are known j by 
means whereof and the other equation, / may be, a fecond 
time, found ; and the agreement, or coincidence of this value 
with that before determined for /, will prove the folution in 
all refpetts; becaufe then the conditions of three original 
equations i A 1 />Qj= 2 AB -f- r, Q^= B l + s) 

will be all compleatly fulfilled.—It is true indeed, that no 
immediate regard, in the conclufion, is had to the fecond of 
thofe equations; but then it ought to be obferved, that the 
& 

equation {pk — -1, whereby / is, the firft time, found, is a 

confequence thereof, being derived from that , and the firfl 
equation, conjunttly: and it is known, that, whatever values 
are difcovered for unknown quantities, by means of equati¬ 
ons derived from others, fuch values do equally anfwer the 
conditioiif of the original equations propounded. 

Seeing the method of folution, above traced out, depends 

upon the affuming proper divifors of j3, and for the 

values 
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values of n and k y it may therefore be expedient, firft of all, 
in order to bring the work into lefs compafs, to reject fuch 
divifors of thofe quantities (if we can by any means difcover 
them) which we know are not for our purpofe. And this 
may, in fome meafure, be effected, from the confideration of 
the properties of even and odd numbers. 

In order to which Q^j= ~- ^~f being previoufly trans¬ 
formed to nk x (= 2 Q^- a) = 2Q^— q 'if ] 1 = ^p\ — f 
(by putting q — /), it is evident, from thence, that if 

p be an odd number , p % — 4 f and confequently its equal 4 nk r , 
will likewife be an odd number; becaufe an even number (4 f) 
fubtradted from the fquare of an odd one, always, leaves odd. 
Therefore, feeing \k z x n is here an odd number, both n and 
4muff be odd (for the produdt of two even numbers, or of 
an odd one and an even one, is even, and not odd). Whence 
it follows, becaufe ~2 $\ 1 is odd, that 2k muff be odd too ; and 
confequently k the half of an odd number. 

Now, feeing p, n, and 2k are all of them odd numbers 
(when p is fuch) they may, therefore, be expreffed by 
2^ + 1, and 2c —J- 1, refpe&ively; a y b , and c being integers : 
in confequence of which affumption the equation 4 nk l — p * 
— 4 f will, by fubffitution, be changed to 8 be* + 8 be -f- 2 b 
+ A c * + ¥ + 1 — + A- a + 1 — A-f or 2 be* -f- 2 bc 4- 

\b c z -j- c = a z -f* a — J- From whence it is mani- 
feff, as all the terms, but \b y are known to be integers, that 
\b muff be an integer likewife: and fo, b being an even num¬ 
ber, it follows that n y or 2b muff be the double of an 
even number (or a multiple of 4) increafed by unity. There¬ 
fore all the divifors of /3 and 2% that have not this property 
may be fafely rejected, as not for the purpofe. 

In like manner, if p be even , the fame limitations will take 
place, provided that r is odd ; which will be the cafe when Q 
is the half of an odd number (For, when Qjs ai? integer, 
A 1 —fpl ~qf) and B" (= — j) being integers, their 

product A‘B l will be an integer, and confequently the fquare 
root thereof AB (being rational) will likewife be an integer; 

and 
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and fo, />Qjmd 2AB being both even numbers, their diffe¬ 
rence r, as given by the equation pQj= 2AB -f- r, would be 
even, and not odd). Therefore, feeing B\ or its equal nl\ 
is here equal to the fquare of half of an odd number (Q) 
joined to an integer (— s) } in the fame manner as nk 1 was in 
the preceding cafe; it is evident, from the reafoning there laid 
down, that the value of n is fubjedt to the very fame reftridti- 
ons here, as there.—Other limitations might be pointed out, 
from the properties of even and odd numbers, were the thing 
worth purfuing farther. What is already delivered on this 
head is fufficient for the purpofe, and for the undemanding 
of Sir Isaac Newton : I fhall therefore, from the feveral 
conclufions above derived, now lay down the fubfequent 

RULE 

for the reduction of an equation {x* -f- px 1 -(- qx* -f- rx + s = o) 
of Jour dimenjwns . 

Make a — q — l -p\ $~r — f up, and £ = s — -*-««• then 
put for n fome common integral divifor of G and 2^, that is neither 
a fquare , nor divijible by a Jquare, and 'which being divided by 4, 
Jhall leave unity , if either p or r be odd. Put alj'o for k fome di¬ 
vifor off if p be even y or half of the odd divifor if p be odd: 
take the quotient from [pk, and call half the remainder l. Make 

* + and fr y .j. n an j thg r0Qt 0 jr the 

quotient be equal to l ; if it fo happen , then the propofed equa- 
tiQUy by means of the values thus determinedy will be reduced to 
** + rP x + ±\/nXkx + l. 

That the divifor n ought not here to be a fquare, is evident 
from what has been already remarked, fince both A and B 
Would then be rational quantities ; and that it ought not 
to be divifible by a fquare, will alfo appear, if it be confidered 
that k and / in the equations k</ n = A, and /%/;: = B, are 
to be taken the greatdl, and n the leaft, that the cafe will ad¬ 
mit of. 
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No regard in this Rule is had to that circumdance, in which 
£ happens to be nothing. Sir Isaac Newton here directs, 
to take k alfo equal to nothing. The reafcn of which depends 

on the equation {pk ’ — 2 kl = -, which in this cafe becomes 

}pjg 2 kl z=z o ; where one root, or value of k mud, necef- 

farily, be nothing. Therefore ^! being ~ -'-a, we have 
ly/n (== SQffJl) = y/\c?-rs -; fo that, by a direct pro- 
cefs, our given equation is here reduced to a: 1 -j- \px + = 

1 cut — s, wherein a^s given = q — \pp- 
The celebrated mathematician Maclaurin, who, in his 
T reatife of Algebra , has commented largely on the dilcoveries 
of our Author, feems to reprefent this part of the General Rule, 
as not well grounded; laying down, at the fame time, two 
new Rules, in order to fupply the defeCt Which Rules, I 
mud confefs, to me appear unnecedary; lince it is certain, that 
the method of folution, as laid down by Sir Isaac Newton, 
is more direCt and eligible in this particular cafe than in any other. 
It mud be allowed, indeed, that the manner of applying the 
Rule, in this cafe, is l£ft fomewhat obfcure ; but as to his di¬ 
recting, to take k = o, when $ = o, it cannot, I am hilly 
perfuaded, admit of any well-grounded objection. For, though 
“ it does not neceffarily follow that k mud be = o, when 
/3 o,” yet the taking of k thus nr o, involves no abfurdity; 

feeing one value of k (at lead) will be nothing.—The truth is, 
there are three different values that k may admit of (as ap¬ 
pears by the fublequent note*); all of which will, equally, 
fulfil the feveral conditions required, and bring out the very 
fame conclufion. Thus the value of k , in the equation 

* If the fquare of half the fecond of the original equations, 2Q.— cl = A A, 
pQj— r — 2AB, — s = BB, be fubtra&ed from the pro duCt of t he other 

two, there will be obtained the equation Q 2 — r X Q.ff 

x X as _irr = O ; wherein the unknown quantity Q_is alone concerned ; 

which equation being of three dimenfions, the root and confequently k 

^ 2 Q~~_ j w iH dmit of three different values.—From this equation it alfo 

appears, that Q_muft always be a divifor of the quantity as — {rr ; which is 
a circumftance taken notice of by our Author. 
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**+ ~ 37 xl — 3 8 * + 1 = 0 (propofed by this gentleman) 

may be o, 3 or 4; or, which comes to the lame, the equation itfelf 

may be reduced to x* + at — 19 = + 6 v/ 7 o, a: 5 4 - x 4 ~ -1 
__ ' 2 

= ±v / 5> < 3* + f> ortox’-f *—3 — + y /'2 X 4* _ +~2. 

All which are, in effetft, but one and the fame equation, as 
will appear by fquaring both Tides of each, and properly tranf- 

pofingj from whence the given equation x* -\- 2x _37a; 1 _ 

38*+ 1 = o. will in every cafe emerge. The fecond of 
thefe equations is that brought out by Mr. Maclaurin ; but 
the firft, which is that found by our Author’s Rule, is not 
only more commodious, but ealier to be determined, being 
derived by a direft, and very ffiort procefs.—And fo much for 
equations of four dimenfions. 


Case. II. If the equation to be reduced is of fix dimenfions , let 
it be x 6 + px 5 qx* -f- rx' + sx 1 4- t x + v = o ; and let 
there be afliimed *’ + l?* i + Q*_+ Bx -f cr 

= a : 6 +/>x s + ?* + 4“ rx' sx~ -f- tx -)- v (= o) j which, by in¬ 
volution and tranfpofition, will give 
4 - 2Q* 4 4 - 2R*’ 1 

+ aaV +/>Rx‘ = a *+ 2 AB*’ + 

. , + QV + 2QR*+r 4 *2gf+®‘** + 

— qx —rx — sx * —tx — v J 2BLx-\-L . 


From whence, by equating the coefficients of the homologous 
powers, and writing a = q — \pp, we have, 

1. 2Q^—— a = A* 4 ; 

2 . 2R -j- pCf — r = 2 AB ; 

3* pR ~ — S irr 2 AC -j- B ; 

4. 2 QR — t = 2BC ; 

5 . R* — v = C\ 


If now the value of Q (= -A‘ + 4 «) as given by the firft 
of thefe equations, be fubffituted for Q, in the fecond, we 
ffiall get 2R -[“ * pA 1 4 ” {pa. — r = 2 AB; and confequently 
R = AB — {pA L 4- -i-jS (by putting (3 = r — {pet) : which 
value, together with that of Q, being fubffituted in the three 
remaining equations, we ffiall have, 


I. 
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3.a‘b*-&a*: 

which, by putting y — s — ipP> i — 7 — i aa > V — t — i 

and S=v — |/ 3 / 3 , will be reduced to 

*AB —If A* +^A 4 + iaA 1 — £ = 2AC + B , 

A‘B -'A A* -f^A’-f «AB —;/<«A-, = 2BC, and 

A‘B*—j/A’B + /GAB + T V/A*- ‘// 3 A — 0 = C\ refpec- 
tively. 

Now, if the values of A, B and C are fuch, as to admit of 
fome common furd-divifor, let that divifor in the preceding 
Cafe) be denoted by V n, and the quantities themfelves by 
k\Zn, iy~n, and m\Zn y refpeftively: then, fubftitution being 
made and every equation divided by n, we fhall have, 

,, pkl —ifk‘ -K»r+ {A' — I = 2 km + l\ 

2. nk'l —{pnk* + *u -;M‘ —i = 2lm > 


3. »/t‘ l l —xpnk'l 4 " $£/■ (■• ,*4 p nk' 11 $^ „ — m ' 

From whence it appears (fince k , /, and m are here confidered 
as integers, or as the halves of fuch ) that £ rj , and 9 ought to be 
all of them divifible by or, which is the fame, that n ought 
to be fome common integral divifor of the quantities £, 
and 9 *. 

Furthermore, with refpedt to the limitations to which k is 
fubjeft, let the feveral terms in the former part of the firft of 
our three equations, in which k is found (in order to abbrevi¬ 
ate the work) be denoted by Fk ; then will the equation itfelf 

be changed to Fk — ~ = 2 km + L\ And, in the very fame 


* Sir Isaac Newton dire&s to take n, fome common divifor of 2*, n, 
and 26 (inffead of n, and 0); but this makes no difference, becaufe all 
divifors of < ar.d 0 are alfo divifors of 2£ and 20; nor are there any divifors ot 
2<T and 20, but what will likewife be divifors of f and 0, if we (as Sir Isaac 
has done) admit into the confideration fuch fra&ions as have the powers 2 lor 
their denominator; which arife from the value of \p, in the affumed equation, 
being a fraction of this kind, when p is an odd number. 


manner* 
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manner, our other two equations will be changed to Gk — 
= 2 lm t and Hk — - = m\ refpe&ively. 

n 


Let now the fquare of half the fecond of thefe equations be 
fubtradted from the produdt of the firft and third, then will 

FHk' — — — — + — — iG t- 4 - — irl = 2km' i 

n n nn * 2 n nn 

which, by dividing the whole by 2k , and putting X —£0— 
will, at length, become 


1 FHk — i G'k — ±Hx I-fiGx- — IFX-+ 2 ?- 

n 1 + n n ' k 


where £ ij, and 9 being all divifible by their common divifor 
n (as is Ihewn above) it is manifeft that (in order that ?n 

may be an integer, or the half of an integer) ought alfo to be 
divifible by its divifor k, that is, k ought to be fome divifor of 

the quantity —. 

Again, with regard to /, let the value of R (= AB- \pQ 

+ t r\ as given by the fecond of the five original equations, 
be fubftituted in the fourth *, by which means we have 2QAB = 
/Qlrh f = 2BC, or 2Q nkl —rQj— t ~ 2 nlm 

(becaufe A = k\/ B = W C = ms/ «), and confe- 
quently ——= 2m — 2/£Q; where 2 m — 2/fcQ^beingan 


integer, it is evident that - { muft be an integer alfo, 

and, confequently, / fome divifor of the quantity ———f. 

From whence / being found in numbers, the value of R (— AB 
— ±pQ -| - [r = nkl — + ~r) will be had likewife ; and 

then, by means of the three laft of the five original equations, 
the value of m may be alfo found, three fev^nl ways, and 
the truth of the folution thereby confirmed: for thefe equati¬ 
ons, by fubftituting for A, B, and C, their equals k\/n, A/ n } 
and ms/ n, do become R 1 — v — ?im\ 2QR — t = 2 nlm y 
and pR — s = 2 nkm -|- nil ; from the firft of which 

0^2 m 
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from the fecond, m = 


^ %t -; and from 

nl 


the third, m = ———-: which values, therefore, 

'ink 

when Q, R, &c. are rightly adiimed, will be all found equal 
among themfelves; and our given equation, x 6 + + F + 

+ rx' + sx z -f tx+'v = o, or + Q*_+ R| — 

Ax* + B* + C|' = o, will then be reduced to -| ~ fpx 1 + 
R (— + Ax'* + Bx -f C) = ±V nxkx*+lx-\-m. 

As to the limitations in the divifors to be tried, with refpedt 
to even and odd numbers, the reafoning thereon is the very 
fame as in the preceding Cafe j which, therefore, it will be 
unnecedary to repeat.—One circumdance there is, indeed, that 
merits a particular regard, and that is, when X — o ; in which 
cafe k (or one value of k at lead) will alfo be — o, and the 
reduction will be performed by a diredt procefs. For, k being 
nothing, the three equations wherein k , /, and m are firft in¬ 
troduced, will become— — — 1 \ — — — 2 1 m, and— — 
n n , n 

whence l\Z~h=z\/—g, ms/h = and confequently X (= 

— d v *) = o, as it ought to be. Therefore, by fubditut- 
ing thefe values, and writing alfo indead of Q^and R their 
equals i-a and -j-/ 3 , the equation given, is here reduced to 
x 1 + } .px z 4" \aX -f- y/3 = + X >/— £ + v/— 9. 


Case III. If the equation is of eight dimenfions , let it be 
*s p x i 4. q X * 4. rx > jy 4 4- tx 1 + ™ + wx + z = o: 

Then, by aduming x 4 4 " tyx' 4 ~ -f- R^ + S] — 

Ax + Bx 1 + Cx + E>T = * 8 + P * 7 + F 6 + 

tx 1 + vx z 4- wx 4- z (= o) and proceeding as in the 
two former Cafes, we fhall have here, 

3. «.. A 1 , 

2. 2R 4- pQ^zr~ r .... = 2AB, 

3 . 2S 4- pK 4- 02 ^— * = 2AC + BB > 

4. ps 4- 2QR — 2AD 4- 2BC, 

5. 2QS_4- RR — V . . = 2BD + cc, 


6. 
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6. 2RS — w — 2CD, 

7. SS — 2: = DD. 

Put now (as before) A = ky/ n , B — !</ n, C = my/~n ,, 
D = ri\/ n-, put alfo (to fhorten the work) Q 'n 

R = R'« -|- -‘ 0 , S = S'/z -j- ‘7; that is, let the quotients of 
Q, R, and S, when divided by the common divifor «, be Q', 
R', and S', and the remainders and-^, refpedtively : then, 

to determine thefe laft, which muft be firft known, before n 
can be known, let fubftitution be made in the fecond and third 
equations, every-where difregarding fuch terms wherein n and 
its powers are involved. Thus, fubftitution being made in the 
fecond equation, we have 2 k'n -f-+/Q«.+ tP* —r = 2 kln\ 
where the homologous terms, in which n enters not, are ( 3 , 
-pa, and — r : the others, therefore, being here difregarded, 
we have (3 -f- tP* — r = o, or 0 = r — ±pcc. In the very 
fame manner, from the third equation, y+|/0+Aaa— s — o, 
and confequently y = s — {p (3 — 

Let fubftitution be now made in the fourth, fifth, fixth, and 
feventh equations (ftill difregarding all fuch terms as would 
involve the powers of »), and there will come out, 

+ i a 0 — t = 

2. {-uy -*-00— v — , 

3- iffy — w = , 

4- ivy— as — 

Now, as all the other terms, that would arife in thefe equati¬ 
ons (befides thofe put down) are affedted with n, and are there¬ 
fore divifible thereby, it is manifeft that the four quantities 
ipy + T a $ — /, {uy + ^00 — v, A0y —w, and j-yy — Zi 
here brought out, muft like wife be, all of them, divilible by 
the fame common divifor », when the equation given is capa¬ 
ble of being reduced. If, therefore, no fuch common divifor 
(under the reftridtions fpecified in the preceding Cafes, depend¬ 
ing on />, r, /, or w being an odd number) can be difeovered 
(which will moft commonly happen) the work will then be at 
an end. 

From the fame method of operation, which may be looked 
upon as a fort of examination, whether the equation be redu¬ 
cible 
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cible or not, we may find all the quantities to which n ought 
to be a common divifor, when the equation given is of 10 , 12 , 
or a greater number of dimenfions. 

Thus, let there be given x zt -j- px ze ~ l -j- qx 2e ~ z rx ze ~* 4- 
sx ze ~* -|- tx ze ~ 5 &c. = o, and let there be afiumed 

at* —j - “Ypx 1 I— ^ ^ z ~| — R- H—(3 x x e S #-| — ' z -y x x e 

— n x ktf— 1 4- lx c ~ z -f- mx'~ 3 &c.| = px ze ~~ l -(- 2 

then, by fquaring -f- \px e ~ l + + y*X^ _! Gfc. and 

tranfpofing x ze + px ze ~ l -J- qx zt ~ z &c. it will appear, that the 
terms of this equation, in which n enters not, will be 


“1 0 1 

y ' 

f J 

• 

if' 

-?-> —r- 

4« \ 




— J- 

j ~/j 

1 -ifts 

— . 


&c. From the former half of which terms, all the quantities a, 
#, y, &c. will be determined, by afiuming the coefficients 

equal to nothing: thus we have a = q — '/>/>, (3 = r -!/>a, 

y = s — \p(3 — ~aa, $ = t — \py — {ajG, &c. And then, 
thefe quantities being known, the coefficients of the remaining 
terms will likewife be known; which ought, all of them, to be 
divifible by «, in order that the redu&ion may fucceed ; that 
is, they ought to be fuch, as to admit of a common divifor («) 
under the reftrieftions before fpecified. 

For example, if the equation given were to be of twelve di¬ 
menfions, as x 12 -f- px 11 -j- qx l ° -j- rx 9 -f- - j- tx 1 -|- vx 6 -f tfx 5 
+ bx * -f- ex' dx 1 ex -(- f — o, we ffiould have u=q —{/>/>, 

/3 = r — {poc , y — s — Yp/2 - raa, ^ = / — \py -^ a/3, and 

e. = v — ~p3 — Y a 7 — ifcP ; and the coefficients of the other 
fix terms (whereof n ought to be a common divifor) would be 

+ + —<*> yae + + \yy — b , -j-v^— c, 

\yt + — d, — e, and ~ee — f 

Thefe operations, for finding of n , as this fort of reduction 
is feldom poffible in high equations, will moft commonly end 
the work. If fuch a value, however, ffiould be found for 
as to anfwer ail the conditions above fpecified, it is not by pur- 
fuing the fame method of divifors, laid down in the refolution 

of 
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of the preceding Cafes, that the values of k, l, &c. can from 
thence be determined, without a prodigious deal of trouble. 
There are indeed various other means of trying thefe quantities, 
by alfuming fome of them, and finding the others from thence; 
and fo proceeding on, changing the values continually, till all 
the conditions of the feveral equations, arifing from the com- 
parifon of the homologous terms, are fulfilled. But as this is 
exceedingly laborious, and feeing after all, the ufe of fo great 
reductions (as the fagacious Author himlelf obferves) is very 
little, there not being, perhaps, one cafe in a thoufand in 
which they can fucceed; l fhall, therefore, defifl here. 
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THE 


RESOLUTION 

O F 

Some General Problems in Mechanics, and 
Physical Astronomy. 


PROBLEM I. 

Fig. 24 . Suppofe a fyftem of bodies A, B, C (conneBed together) to re¬ 
volve about a center , or axis (P), with a given angular celerity ; 
it is propofed to find the momentum (k) which , aiding at a given 
difiance QP from the center , Jhall be jufi fujficient to flop , or take 
away the whole motion of the fyfiem. 


the given angular celerity of the fyftem, at any di- 
I k* ftance PG from the axis, be denoted by v, the cele- 
rities of the feveral bodies A, B, and C will be truly 

exprefled by PG X<U ’ an< ^ pq x<u > refpedtively. Hence 

(by the property of the Lever ) it will be, as PQjs to AP, fo 
is xvxA) the momentum of the body A, to Qj^-pQ x 

v x A, the momentum, which adting at Q, is a juft counter- 
poife to the adtion of A. And, in the very fame manner, the 
momentum, adting at Q, fufftcient to take away the motion of 

B, appears to be xvxB-, and fo on. Whence it is 

manifeft, that the ium of all thefe , muft be the true momen- 

turn required 5 or that k — v X -"^P G x (TP -* 

L 

COROLLARY I. 


If the motion of the fyftem is that which might be pro¬ 
duced by any given momentums a , b , c (or forces capable of 
producing thole momentums) adting on the bodies A, B, C, in 

directions 
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directions perpendicular to AP, BP, and CP; then (by the 
property of the lever) the force a x aCting at Q, having 

the fame effeCt to turn the fyftem about its axis, as the force 
#, aCting at the diftance AP, &c. it follows that the force, 
which, by aCting at Q, is lufficient to deftroy the whole moti¬ 
on of the fyftem, will here be^x-^p + ^X-— + cX-~: 
which being fubflituted in the room of k , our general equation, 

in the laft article, will become^ —PGx- gx ^ P ^ ;xPP+fxCP ; 

A x AP x -f. B x BP*4. C x CP 1 

fhewing the angular celerity at the diftance PG, produced in 
the fyftem by the aCtion of the given forces; which celerity is, 

therefore, in proportion to the celerity (y that the given force 


(or momentum) a is capable of producing in the fingle body 
A AxPG v o x AP b x BP —f- c x CP . 


-BxBP^CxCP 1 


to unity. 


COROLLARY II. 


If the momentum k be given equal to that of the whole 
fyftem (A, B, C) in a direction perpendicular to the line PGQ 
palling through the common center of gravity G ; then the 
length of the lever (PQ) by which k aCts, may be determin¬ 
ed from hence. For, the celerity of the point G being repre- 
fented by v, the momentum laft named will, by the property 


of the center of gravity, be rightly defined by v x A -f- B + C •, 
which being fubflituted in the room of i, we thence get 
AxAP ‘+BxBP>+CxCP’ exhibit ; the diftance of 
A + B-j-CxGP 

the center of percujjion (Q^) at which an immovable obftacle 
receives the whole force of the ftroke. 


COROLLARY III. 

If a fingle body equal to the fum of all the bodies A, 
B, C, be fuppofed to revolve (independent of the others) 
about the fame center, with the common angular celerity ot 

R the 
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the fyftem, its momentum XuXS, or ^xi'xA-fB-(-C, 
will be in proportion to the momentum k (given by the Pro¬ 
portion) as QP X SP to AxAPl t ^|q^——• % mak - 

ing thefe two quantities equal to each other, we have SP = 
A x AP* -f B x BP 1 -f c x CP- £ or q ie diftance 0 f the body S from 
A + B + CxQP . 

the axis of motion, when its momentum is equal to the mo¬ 
mentum k , or when equal forces, applied to the fmgle body at 
S, and to the fyftem at Q, can take away, or produce equal 
angular celerities in both, about the common axis of motion P. 


COROLLARY IV. 

Hence, if the point CL be fuppofed to coincide with S, our 
_ 1 /AxAP+BxBP^CxCP 1 

laft equation will become br — V-^ + B + C ’ 

fhewing the diftance of the center of gyration , or the place 
of the body S, where the fame force can take away, or pro¬ 
duce the whole motion of the fyftem A, B, C, as can take 
away, or produce the motion of the fingle body S, equal to the 
fum of all the former, and revolving with the fame angular 
celerity. 

COROLLARY V. 


But if the point C^be taken in the common center of gravity 
G of the fyftem, and Gg and Sj be drawn perpendicular to 
the horizontal line TP; then, the force of gravity by which 
the whole fyftem is urged in the diredhon Gy perpendicular to 
the horizon, being the fum of all the weights (A + B-fC) 

• it is plain that the part of it adting in a direftion perpendicular 
to PS, whereby the motion about the center is accelerated, will 

be A4-B4-C X But the force whereby the weight S, in 
a direction perpendicular to the fame PS, is accelerated, is 
•equal to S x = A -\- B C x (becaufe S = A -|- B 

c, and = ~t). Therefore, feeing the forces a&ing at S 
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and Qjjre here equal, it is evident, from Corol III. that the 
diftance SP, fo that the fame angular celerity may be produced 
in the Angle body as in the fyftem, will be truly exhibited by 

the general equation SP — - A -f B + C xQP mC 

derived j the point S thus determined being the center of ofcil- 
lation, and the fame with the center of percudion, found in 
Cor. II. having its diftance from the axis, equal to a third pro¬ 
portional to the diftance of the center of gravity and that of 
gyration, determined in Corol. IV. 


12 ' 


COROLLARY VI. 

Hence, alfo, the preflure on the axis of fufpenfion P may 
be deduced : for, fince the angular celerities, produced in 
the fyftem, and in the fingle body S, by the equal forces 

A -(- B + C X and S X W’ arC tIlC fame> iS manifeft 
that the abfolute celerity produced in G, during any given 
time, will be but the part of that produced in S; fo that 

only the ~r part of the gravity of the fyftem is employed in 

accelerating its motion, the other part being loft on the 

axis of fufpenfion; which axis will therefore, in a direction 

perpendicular to PG, fuftain a force exprefted by A + B + C 

x-^x But this is not the only force by which the axis 
BO Bo 

is affefted ; fince, befides the other part of the force of gravity 
(A + B + C X ~l) in the direftion GP, the centrifugal force, 

acting in the fame dire<ftion, is to be taken into the confidera- 
tion; whereof the quantity will be the fame, as if the whole 
mafs of the fyftem was to be placed in its common center of 
gravity G. For, if upon PS the perpendiculars Aa , B^, be Fig. 25 . 
let fall; then, the centrifugal forces of the feveral bodies A, 

B, C being as the maftes drawn into the refpcftive diftances 
from the center P, the effeft of thofe forces in the dire&ion PG, 

R 2 will 
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will therefore be expreffed by A x Fa -f- B X + C X Pg 
which (by the proper ty of the center of gravity) is known to be 

equal to A + B + C X PG. 

But the preflure on the axis may be otherwife deduced, in¬ 
dependent of the center of ofcillation : for the angular celerity 
generated in the fyftem about its center of gravity G (which is 
the fame with the angular celerity about the point of fufpenfi- 
on P) is intirely the effed of the adion on the point of fuf- 
penfion ; and the momentum, or force, fufficient to produce 
that celerity, is found (by the Propofition) to be 

-AxAG*4-BxBg + CxCCP. w Bi c V, is to the abfolute mo- 

JX “ PG" _ 

mentum v X A + B + C, generated in the fyftem, as 
A x AGM- f x BG" 4 - C x CG pQ Therefore the force ad- 

A-fB + CxPG . , 

ing on the axis of fufpenfion, in a direction perpendicular to 
PG, muft be to the force employed in accelerating the motion 
of the fyftem (in the like diredion), in the fame proportion 
above Ipecified ; fo that, to have the true meafure of each, the 
force of gravity muft be divided in that ratio : whence (taking 

_ Ax AG" + Bx BG 1 + Cx CG ^ Be, as GS -4- PG 

a + B+CxPG J 

(PS) is to GS, fo is the force of gravity, in a diredion perpen¬ 
dicular to PG, to the force ading on the axis of fufpenfion, 
in the like diredion. 

That the proportion here determined is the fame with that 
found above, and the point S, the center of ofcillation, is thus 
made to appear. 

Since AP l = GP 1 + GA 1 — 2 GP X Ga, 

BP 1 = GP' + GB 1 + 2 GP x G&, 

CP' = GP 1 + GG * — 2GP x g G 
it is evident that Ax AP" -|- B X BP -p C x CP (as given 
above) will be = A -4- B + C X GP 1 + A x GA 2 + B x G B 1 
C x GC 1 — 2 GP x A x Ga — B x G£ ~p C x Gc = 
XTj-B + CxGP 1 + AxGA 1 -|-BxGB I -pCxGC 7 , barely, 
becaufe (from the property ot the center of gravity) all the quan¬ 
tities A x Ga — B x Gb + C x Gc deftroy one another. Hence, 

by 
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by fubftituting the quantity h ere found, inftead of its equal (inCcr. 
y\ we get SP = A ~b ^ -f- C xGP*-f A xGA*- f- B x GB* -f- Cx GC* 

A + HCxGP 

_ pd i A x GA Z + B x GB 1 + C x GC 1 

+ rrn+cxop — ; and confe< i uenti y 

(SG) the diftance of the center of ofcillation, or percuffion from 
A x GA* 4 . BxGB^Cx GC* ^ 


the center of gravity 


very fame as above. Hence it alfo appears, that, if the plane 
of the motion remains unchanged, the rectangle under SG 
and GP will be a conftant quantity ; and that, if S be made 
the point of fulpenlion, then P will become the center of ofcil- 
lation i and, laftly, that the ofcillations will be performed in 
the fhorteft time poffible, when SG and GP are equal to one 

another, and equal, each, to J- x (jA " + GB *.+ c x GC 1 . 

being well known, that the fum of two lines, whole redangle 
is given, will be a minimum when the lines themfelves are 
equal to each other. 


The fame method laid down above, for finding the preffure 
upon the axis of fufpenfion at reft, anfwers equally when that 
axis is fuppofed to have a motion, or when the fyftem, or 
body, has a progreftive motion, as well as an angular one (as 
is the cafe of a cylinder, which, in its defcent, is made to re¬ 
volve about its axis, by means of a rope wrapped about it, 
whereof one end is made faft at the place from whence the 
motion commences) : the momentum of the rotation about the 
center of gravity, generated in a given particle of time, being 
always as the force producing it, drawn into the diftance of 
the point where the force ads, from the center of gra¬ 
vity, as well when that point is in motion, as when it is at 
reft. 


Another thing it may be proper to take notice of, which is, 
that in the foregoing confiderations the bodies A, B, C are fup¬ 
pofed to be very fmall; fo as to have all their parts, nearly, at 
the fame diftance from the axis of motion. But, to have the con- 
dufion accurately true, every particle of matter in the fyftem 



126 The Refolution of fome General Problems 

ought to be confidered, and treated, as a diftind body : from 
whence, by means of the method of fluxions , the fum of all the 
momenta will be truly found : but this relating merely to mat¬ 
ters of calculation, I have no delign to touch upon ir here. I 
(hall only add, that the center of ofcillation may be otherwife, 
very readily, computed, from Corol. I. even in cafes where the 
forces ading on the bodies A, B, C have any given relation to 
each other. For, if a , b , c be taken to reprefent the, refpec- 
tive, meafures of the faid forces (or the momenta they would 
produce in a given time) it is evident .from thence , that the an¬ 
gular celerity that would be generated in the fyflem (at the dis¬ 
tance i, from the center, during the fame time) will be truly ex- 

preffed by — * AP ~K& x : which, in cafe of a 


becomes s - (or 
SxSP v 


A x AP'-f BxBP" + CxCP 

fingle body S, aded on by the force 

Therefore, by putting this laft value equal to the 

* AxAP‘+BxBP* + CxCP\ 
former, we have SP = s * - a x A p + *- x B P + V xcT’ 

(hewing at What diftance from the point of fufpenfion the 
fingle body S muft be placed, to acquire, by means of the 
force s, the fame angular celerity as the fyftem itfelf acquires, 
from the adion of all the other forces given. 


LEMMA. 

If a given angle AOB be divided into two parts AOC, BOC, 
the product (or folid) contained under the fquare of the fine (CD) 
of the one part AOC, and the fine (CE) of the other BOC, will 
be a maximum, when the tangent FC of the former part is double 
the tangent GC of the latter , or when the fine of the difference of 
the parts, is one-third of the fine of the whole given angle. 

Fig. 26. For, if the fine (CD) of the former part be denoted by x, 
and that (CE) of the latter by y, it is well known that (*) the 
celerity of x’s increafe (fuppofing C to move from A to B) will 
be in proportion to the celerity (— y) of /s decreafe, as the 

co-fine 
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co-fine of FCD to the co-fine of GCE; that is, as ~ to y 

- ^ CrC 

But, when x'y is a maximum , we have 2 xxy -f- x'y = o, and 

confequently x : — y :: x : 2y. Hence, by equality, ~L : 

:: x : 2y- y and therefore FC = 2GC. Let, now, OH be drawn 
to bifeA FC in H, and let HM and GN be perpendicular to 
FO ; then, fmce it is proved that FC = 2GC, it follows that 
FH = yFG, and that HM, by fimilar triangles, muff: likewife 
be = ; GN : but HM and GN are fines of the angles HOM 
and AGO, to the equal radii OH and OG; whence the latter 
part of the Lemma is alfo manifefh 

PROBLEM II. 

Suppofe that a plane ABC, moving with a velocity and 
direction reprefented by bB, is aided on by a medium , or fluids 
whofe particles move with a velocity reprefented by DB, and in 
directions parallel thereto ; to determine the effeCi of the fluid 
on the plane, in the direction of its motion BH, and alfo what 
the angle of inclination ABD mufl be, that the ejfeCt may be 
the greatefl poflible. 

Becaufe a particle, impinging on the plane at B, moves thro’ Fig. 27. 
the fpace DB in the time that the plane itfelf, from abc, arrives 
at the pofition ABC, it is evident that the diflance (D^) of the 
faid particle from the plane (produced), at the beginning of 
that time, will be the meafure of the relative celerity where¬ 
with the particles of the fluid approach the plane in a dire&ion 
perpendicular thereto; and, confequently, that the force of the 
flream in that dire&ion, will be as D3 (it being well known 
that the force of a ftream upon any plane-lurface, is always as 
the fquare of the relative celerity with which the particles ap¬ 
proach it, in a perpendicular direction). Hence, by the refblu- 
tion of forces, it will be, as the radius, is to the line of the an¬ 
gle ABH (or abYVy, fb is the force D?j ’, to its required efficacy- 
in the propofed dire&ion BH. 


More- 
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Moreover, with regard to the latter part of the Problem 
■ t he angle ABD, which the diredtions of the two motions make 
JhhXh other, being given, as well as the fides B^BD con¬ 
taining it, the remaining angle BAD wi 1 from thence be 
known, a likewife DA : and fo De being_the fine of tire angle 
Die, to the given radius D b, th e effeft (D 3 xfin. ^H) will 
therefore be a maximum, when fm. Dbe\ X fin. a 6 H is a maxi¬ 
mum ; that is (by the Lemma), when the fine of *e difference 
of the angles D be, abD, is equal to part of the fine of the 
whole given angle BAD : from whence the difference being 
given, the angles themfelves will be known.—The ge0 ™^ 1 ' 
cal conftruaion from hence, is extremely eafy ; for, having 
from the center b, with any radius, defcribed the arch mr, on 
rb produced (if neceffarv) let fall the perpendicular nip ; take 
on = •- of mb, and draw qs parallel to fr, cutting the circle 
in r ; then biicft the arch ms by the line bae, and the thing is 
done : for the fine sv of Sr (or of the difference of the angles 
D be, abH) is by conftrudlion (=/>?) = j of mp the fine ot 
the whole given angle BAD; as it ought to be, by the Lemma. 

But, if you had rather have a general Theorem expreffed 
in algebraic terms, then let the velocity (AB) of the plane be 
put = a, and that (DB) of the fluid = A; and let the fine, and 
co-fine of the given angle DBA (to the radius i) be denoted by 
m, and », refpedtively ; alfo, having drawn BFL perpendicular 
to bFe put AF == x, and BF =y ; then, fince FB and FL are 
tangents of the angles FAB and FAL, to the common radius 
AF, it appears, by the Lemma, that FL is (= aBF) ==2 T> 

whence (fuppofing LR and DQto be perpendicular to BAQ 

we have (by fimilar mangles) as BA (a) : BF (y) .^BL (3 y) 

; BR = —, and therefore AR (BL — BA) = ^!_ Al¬ 
fo, BA (a) : AF (*) :: BL ( 3 y) : LR = But the value 
of DObeing mb, and that of AQ = nb — a, we have again, by 
fim. triang.) mb : nb-a :: 33. : and confequently 


qjy — aa = ‘ 


, nb — , 

■ X 3*>’> or 3 yy—yy — xx — 
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(becaufe yy -xx — ad) ; whence -|- vh ~ a x 2? = 2, 

and from thence, by completing the fquare and extra&ing 

the root, -~J 2 \± X n ±ZZJL ] — _1 x equal to 

y 1 4 mb | 2 mb 

the tangent of the angle ^BF, the complement of the re¬ 
quired angle abll, or ABH. ^ E. I. 

COROLLARY I. 

If the given angle DB^ be a right-one (which is the cafe 
when regard is had to the wind ftriking againft the fails of a 
windmill); then, m being = i, and n = o, our expredion 
for the tangent of ^BF (which here is equal to the angle of 

inclination ABD) will become J 2 -j- ; and this, if 

a be taken = o, or the plane be fuppofed at reft, will be — 
s/ 2, barely; anfwering to an angle of 54 0 44. But if the 
velocity of the plane be fuppofed h i> o** T of the velocity of 
the medium or ftream, then the angle of inclination ABD 
will be found from hence equal to 58° 14', 6 i° 27', or 66°58', 
refpeftively; fo that, the greater the velocity of the plane is, 
the greater alfo will be the angle of inclination. Hence it ap¬ 
pears that the fails of a windmill, that the effect may be the 
greateft, ought to be more turned towards the wind in the ex- 
tream parts where the motion is fwifteft, than in the parts 
nearer to the axis of motion ; in fuch fort, that the tan¬ 
gent of the angle formed by the direction of the wind and 

the fail, may be, every-where, equal to J 2 -f- 

the velocity a being proportional to die diftance from the 
axis of motion. 


S 
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COROLLARY II. 

If inftead of the angle DBH (or DB*), the angle DBA, 
which the direction of the ftream makes with the plane, be 
given ; then it will appear, that the effeCt will, in this cafe, K 
f maximum, when the fine of the angle ABH by the 

plane and the direction of its motion, is to die_fme: of die & 
mven angle DBA, in the given proportion of y BD to B o. to, 
f he force S in the perpendicular direction FB being expreffed by 
53 *, its effect in the direction BH will, therefore, be define 
by D?‘x or its equal (fuppofing BA produced 

to meet DeE in E). Now DB and the angle DBE (as well as 
B b\ being fuppofed given, DE is given from thence. But it is 
well known, that the fquare of one part of a given line, drawn 
into the other part, will be a maximum , when the former part 
is the double of the latter. Confequently I> mult here be the 
double of Ee-, which laft, or its equal Bt, will therefore be 

~~ ‘^But, fin.B*F : radius :: BF : 

bv compounding of which, we have the proportion above laid 
down. P But that proportion, it may be obferved, can only take 
place when B b is equal to, or greater than - of DE: for, 
when B b is lefs than f- of DE, Ee (which is always lefs than 
B b) cannot be equal to a of DE ; but will approach the 
neareft to it, when BF coincides with B*, that is, when the 
angle F*H, or ABH is a right-one; and in this cafe, the effect 
wifi be a maximum, when the direction of tlic motion is per¬ 
pendicular to the plane.—If the given angle DBA be a right- 
one (which pofition appears from hence to he the mod ad¬ 
vantageous, becaufe DE then becomes = DB) it follows tha 
the fine of the angle ABH, which the required direft on 
makes with the plane, will be to the radius, as - part of the 
velocity of the ftream is to the velocity of the plane for 
fail) _Hence, if the force of the wind be capable of pro¬ 
ducing a degree of celerity in a (hip, greater than | part or 
its own celerity, it is evident that the (lnp may run fwifter up- 
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on an oblique courfe, than when <he fails diredly before the 
wind*. 

PROBLEM III. 

Suppofe that a thread AOzCA, having two equal weights A, 

A, Jujpended at the ends thereof ,\ is hung over two tacks C, C, in 
the fame horizontal line ; and that to the middle point oj the thread 
(n) equally diftant from the tacks , another given weight B is fixed, 
which is permitted to defend hy its own gravity , fo as to caufe 
the other two weights , at the fame time , to afeend: it is propofed 
to find the law of the velocity by which the faid weights afeend and 
defend ; abfiraiding from the refifiance of the air , the weight oj 
the thread , and the frifiion on the tacks. 

Let v denote the velocity of B (meafured by the dillance Fig. 2 ^* 
that might be uniformly gone over in one fecond of time), 
and let b (= 32*- feet) = the meafure of the velocity 
which gravity can generate in a falling body, in one fecond ; 
putting CE = a, E n = x y C n =y f and the tenfion of the 

thread r= w: then — being the time in which B would, uni¬ 
formly, deferibe the diftance x y we fhall have, as 1 (fecond) is 
to —, fo is b (the velocity generated by gravity in one fecond) 

V 

to, —, the velocity generated (or deftroyed) by gravity in the 
time 

V _ 

Moreover it will be, as BC (y) : En (\/yy— aa ) • : : 

v'Jyy—™ = t he velocity with which the weights A, A afeend; 

whofe fluxion Tl + ( = Z 32 i 2 £±" 2 r) is there- 

fore the increafe of that velocity, in the time ^: but were 

* In the above confiderations the velocity of the plane >(or fail) is, all along, 
treated as a given quantity ; becaufe the lame dire&ion that gives the effective 
force the greateft, when the velocity is'given, muft neccffarily give the 
velocity the greateft poflible, when the force, alone, is given. 

S 2 


not 
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not the firing to ad on the faid weights, their velocity (inflead 
of being increafed) would be diminifhed, and that by the quan¬ 
tity h ± (as is found above). Therefore the whole alteration of 

motion arifing from the tenfion of the firing is to that arifing 
from the adion of gravity, in the proportion of 

h ± , yy-**_xjv + ™V t0 b ± an( i, confequentlv, the tenfion of 

V • yyx V 

the firing (w) will be to the weight of the body A, in the fam e 

, . . , yv — a a x yw + aavvy 

proportion : whence we have w = A x 1 -j-- -- 

Again, it will be (by the refolution of forces) as Cn (y) is to 
E« (x), fo is 2W (the double of the tenfion of the thread) to 

the effed of that tenfion to retard the defcent of the 

y 

weight B j which being fubtraded from the gravity (B), the 

remainder B — —— will be the force by which B s motion is 

y 

accelerated. Hence we have, as B is to B — - f-, fo is ( 
the velocity that would be generated by the gravity in the 
time A, to that ( y ) generated in the fame time, by the force 

B — ~L. From whence, by multiplying extreams and means, 

we get w=bx - ~=,bx- -2 A x^-^- 

(by fubftituting the value of w) = bx — — pp + 

^ X 2^ (becaufe yy = xx) = * - ^ + 

—— x 2y zv 20 yy -: and, confequently, by taking the fluent, 
B y* 

— =bx — ^ — + </ (d being the necef- 

2 B B 1 B yy 0 

fary correction) j which equation, if be put = m, will be 

reduced to v = yj 2f> . {hewing the true ve- 

w + x-Jtr —" locity 
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locity of the body B ; whence that of the body A (== 
v J 2b m - ~ — fe - ltl \ w ni alfo be known. ^ E. I. 

m y 1 . yy — a a / 

COROLLARY I. 

If the firft values of x and y y when the motion commences, 
be exprefled by f and g, refpe<ftively; then, v being = o, 
when x=zf andy =g> we fhall have o = ibmf — 2 bg -f- 2 dw y 
and confequently 2 dm — — zbmf-\- 2bg ; fo that the general va- 

„ / zbmx- nby-T-bnify ibg / zbm x TIf- 2b x 

lue of v will bey v /-=- = --. 

tn 4 " 1 • yy — oa m -g 1 . yy — a a 

From whence the greateft diftance through which the weight 
B can defcend, before its whole motion is deftroyed by the 
other weights A, A, may be eafily determined: for, fince the 
velocity, at the lowed: point of the defcent, vanifhes, or be¬ 
comes* equal to nothi ng, we fhall, in that circumftance, have 
2 b m X x 2 bxy—g= o, or m x x—/+ g (= y = 

s/xx-\-aa) = Vxx -f- gg — ff- y which, fquared, gives 
irf x x —7*1 "1" 2tngxx — /*= xv — ff: whence, dividing 
by x — f we have m r xx — f - f- 2wg = *+/'; and Con¬ 
fequently v = 2ms ~gy n y n - ' f - > exhibiting the diftance of the 

point n below the horizontal line CC, when the whole motion 
is deftroyed, and all the weights begin to move the contrary 
way. But it muft be obferved, that this can only happen 
when m is lefs than unity, or when the weight B is lefs than 
the fum of the other two : for, if m be equal to unity, * will be 
infinite; and, if m be greater than unity, the value of * will come 
out negative; which fliews the thing to be impoftible, or that 
the weight B muft continually defcend; except when m is lefs 
than unity, or B lefs than 2A: in which laft cafe, it appears 
that the bodies will ofcillate, backwards and forwards, continu¬ 
ally; in fuch fort, that the two extream diftances from the 

horizontal line CC will be expreiTed by/and ^ — ; 

whereof the latter, when / = o, will become —“ 
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—-— x CC ; {hewing the lowed defcent of ;z, from the line 

I — mm 

CC, when the motion commences from that line.—By mak- 
ing f and 2ms e q ua i to each other, we get f== mg 

— -ii- x g y or f:g :: B : 2 A. From which it appears, that, 

if the firft pofition of the weight B be fuch, that E/z is to C/z 
in the given proportion of B to 2A, no motion at all will en- 
fue, but the weights remain in equilibria. Whence it is evi¬ 
dent, that, if the motion commences from any point below 
that here determined, the weight B will firft of all afcend, 

till the diftance from CC is —- a f ter w hich it will 

I — mm 

again delcend, to its fird didance/'; and fo on, backwards and 
forwards, continually. 


COROLLARY II. 

If CzzC, in the fird pofition of B, be fuppofed to coincide 
with the horizontal-line CEC, and the body B be impelled from 
thence with any given celerity c (meafured, as above, by the 
fpace that would be uniformly gone over in one fecond of 

time); then, v being = c, when * — o and y — a, we 

lhall, by fubdituting thcfe values in the general equation 

( V — obtain c = a = 

v /v rn -4- I . yy — aa / maa 


J 


idm — 2 ba 


■, and confequently 2 dm = mc x 2 ba ; fo that v 

is here = y ]^Ez 3 l±^l+^l. which, when b = o, or, 

m “h 1 • yy — aa 

when the bodies are not adted on by gravity, will become v = 

I 

- ULhL -And in this cafe, the time of moving thro’ Ezz 


sf 


m + 1 • yy — - 


■si 


m -\-1 . yy — a a 


■sJl 


-J— I. XX -f- n 


(whereof the fluxion is — ===- , _ ._-— . 

v in cy m i c\ xx a a 

may be readily found, by means of an hyperbola, whofe tranf- 

verfe 
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verfe and conjugate axes are ~ and 2 a j it being in propor- 

tion to die time of moving uniformly over the fame dfiftance (x) 
with the given celerity at E, as the arch of the hyperbola is to 
its ordinate x. 

PROBLEM IV. 

Suppoflng a fpherical body of ice , or any other matter , revolving 
about its axis, to be reduced to a fate of fluidity \ to determine 
the change of figure thence ariflng. 

It is demonflxable, that the figure of an homogeneous fluid, Fig. 29. 
revolving about an axis (PS), having all its particles qui- 
efcent with regard to each other, muft be that of an oblate 
fpheroid OAPES (fee Art. 195 of ?ny DoBrine of Fluxions) ; and 
that the particular fpecies of fuch fpheroid, anfwering to any gi¬ 
ven time of revolution will be truly defined by the equation 

p — qj . _ ; where 1 : 1 + tt :: PS* : AE 1 ; PS be- 

3 + "xA-3* 

ing the axis, and AE the equatoreal diameter; alfo A = the 
circular arch, whofe radius is unity, and tangent t ; and q = 
the time wherein a folid fphere, of the fame magnitude and 
denfity with the fpheroid, mull revolve, fo that the centrifugal 
force at the equator thereof, may be exactly equal to the at¬ 
traction, or gravity. Now it is evident, that, whatfoever 
figure a fluid, revolving about an axis, at any time hath, the 
momentum of rotation about the axis will be no-ways changed, 
with the figure, by the aCtion of the particles on each other : 
fo that the momentum of our propofed fluid, ariflng from the 
fphere of ice, will, at all times, be the very fame with that of 
the fphere itfelf. From whence it may be eafily proved, that 
the time wherein one intire revolution of the fluid, con- 
fidered as a fpheroid, might be uniformly performed, muft 
be always as AE*: therefore, if we make e — AE, and put 
d — the diameter of the fphere (or of the fluid, when 
AE = PS) it follows that the faid time * will be truly exprefled 


* At Art. 399. of my Fluxions, this time is, by miftake, put down 
= -f- Xi (inftead of — x s) j whereby the remaining part of that Article is 
rendered erroneous. hy 
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by *L x s (fuppoflng r to denote the given time of revolu¬ 
tion of the body, when und er the fo rm of a fphere) : 
which being put (= qj =^ time wherc- 
in the revolution is performed, when the particles are in 
equilibria, we rtiail thence have - - - = —■ x —• 


But, becaufe PS (= w^=') = == , the mafs of the fphe- 

Vi-\-tty vi-f tt 

roid will therefore be as —£= (= AE 1 x PS); and that of 

Vi+tt 

tlie fphere, as d ': which two quantities being made equal to 
each other, we have ^ = — 1 And, this value being 


wrote in the room of its equal, we have 


3 + tt X A ■ 


% x —I_, or x 7 +Itf = From die 

v i + . 3 

refolution of which equation the value of /, and the fpheroid 
itfelf, will be known. The fpheroid thus determined, is that 
under which the fluid might remain in equilibria , were the par¬ 
ticles to be, once, quiefcent with refpedt to each other: but the 
particles, in their recefs from the axis, do, through the cen¬ 
trifugal force, acquire a motion from the axis, which is not 
immediately deftroyed, on the fluid’s afiiiming the figure, or 
degree of oblatenefs above determined; the equatoreal parts 
ftill continuing to recede from the axis, till the gravitati¬ 
on, by degrees, prevails, and in the end quite overcomes the 
faid motion. After which the equatoreal parts will begin to 
fubflde, and again approach the axis, in the very fame manner 
they before receded therefrom: and fo will continue ofcillating, 
backwards and forwards, ad infinitum. But if the fluid is fup- 
poled to have fome degree of tenacity, the ofcillations will be, 
every time, contra&ed, and the parts of the fluid will then 
converge to an equilibrium, under the form above deter¬ 
mined. 


LEM- 
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LEMMA. 

Suppofmg a body to move with an uniform celerity , in a right¬ 
line AD ; to determine the rate of increafe of the relative celerity 
by which it recedes from a given point C, out oj that line. 

Make CA (perpendicular to AD) = a , and AB = x ; and F'g 30. 
let the meafure of the body’s celerity, or the fpace gone over in 

a given time g , be denoted by c : then will ^ exprefs the 
time of deferibing x (or B b)\ and it is well known, that 
c x * — (= c x4t^) will be die true meafure of the cele- 

•S xx -{- aa 

rity with which CB increafes; whofe fluxion, — ca is 

XX -f- ^1* 

therefore the (uniform) increafe of that celerity, in the time 
: hence it will be, as £ : g (the time given) :: * ■ : 

c c xx + aa \T 

j the required increafe, that would uni- 

XX 4 - aa \ 4 ' 

c x AC 

formly arife in the given time g: which increafe, fince ■ 


reprefents the paracentric velocity of the body (in a dire&ion 
perpendicular to CB) will be, always, exprefled by the 
fquare of the meafure of the body’s paracentric velocity, ap¬ 
plied to the diftance (BC) from the given point, or center. 
&E.I. 

COROLLARY. 

It is evident from hence, that if a force, which in the given 
time g is fuffleient to generate the faid increafe of velocity, 
be fuppofed to urge the body towards the center C, and there¬ 
by defle<5f it from its reftilineal motion, the celerity with which 
CB increafes will then be uniform ; becaufe the force applied, 
each moment of time, is juft fufficient to deftroy the increafe 
that would arife, in the fame moment, from the body s being 
fuflfered to continue its motion uniformly in a right-line.—It 
the direction {Bb) of the motion is perpendicular to CB, the 
body, thus afted on (as no celerity is generated in the direction 
CB), will move in the circumference of a circle. Confequently 
' T the 
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the force above determined is the fame with the centrifugal 
force in a circle, when the diftance from the center, and the 
angular celerity are the fame. 

But all this may be made to appear in a different manner, 
by fuppofing Bb exceeding fmall: for, if bE be made perpen¬ 
dicular to CB (produced), BE will then exprefs the length 

whereby CB would be uniformly augmented, in the time ) 

of defcribing B b ; and therefore eb, the excefs of C b above 
CE, will be the fpace through which the force mud: caufe the 
body to defcend, in order that the increafe of the diftance from 
the center C may be the fame as would uniformly arife with 
the firft celerity, at B. But it is evident that this excefs eb 

(which, by the property of the circle, is = or 

alfo expreffes the effedt of the force, neceffary to caufe a body 
to revolve in the circumference of a circle Eef with the fame 
angular celerity.—To determine, from hence, the velocity 
which this force would generate in the given time g, we have, 

as (thd fquare of the time of defcribing B b, or Be) is to 

; s J5L to (■ ^ the fpace through which the 

ball might fall, by means of the faid force, in the given 

time g; the double of which, ( or its et l ual ^Sp) 

is, therefore, the true meafure of the velocity fought; becaufe 
the diftance gone ever by a falling body is but the half of that 
which might be defcribed in the fame time, with the velocity ac¬ 
quired at the end of the defcent.—The quantity here determin¬ 
ed (as has been before obferved) is the meafure of the force by 
which the body is made to recede from C with an uniform ce¬ 
lerity : if a force, lefs or greater than this, be fuppofed to adt, 
the difference will caufe an increafe or decreafe of celerity in 
the line CB, proportional to the faid difference. 


PRO- 
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PROBLEM V. 

Suppofe that a body, lit go from a given place A, in a given 
direction, with a given celerity, is contbiually folicited towards a 
given point C, by a given centripetal force ; to determine the path 
ABP in which the body will move . 

From the center C, through A, let the circumference of a Fig. 31. 
circle ADK be defcribed ; and, fuppofing B to reprefent the 


place of the body, 

the radius CD of the circle.= a, 

the radius vetfor CB.= ■*, 

the arch AD, meafuring the angle ACB 

put< the time of defcribing the angle ACB.= t, 

the meaf.of the celerity with which the lineCB incr. = v, 
the meaf. of the celer. with which the area ACB incr. = au , 
the meafure of the centripetal force 


where, by the meafure of a celerity, I mean the fpace that 
would be uniformly defcribed with that celerity in a given 
time g', and by the meafure of a force, I underftand the 
meafure of the celerity that might be uniformly generated by 
the force, in the fame given time. 

Since the celerity with which the area ACB increafes is ex- 
prefled by au, it is evident that the paracentric velocity of the 
radius vefior CB, at the middle point (b), will be exprcfied by 

—, and that of the body itfelf by — 5 the fquare of which 

laft, divided by x, will give 4^! for the true meafure of the 
centrifugal force (by the Lemma) ; whence it appears that 
— Q) the excefs thereof above the centripetal force 
is that force whereby the celerity v is accelerated: therefore 
we have g: i : : 44 *- — Q (the meafure of the celerity gene- 
rated in the given time g) ’ v. But, becaufe the paracentric 
velocity of the body is that of the point D (defcribing the 
T 2 circular 
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circular arch AD) will be ^ x ^ or ^ ; and fo we have 
v . i (the diftance defcribed in the time g) : z (the di- 

O * XX ' % x 

ftance defcribed in the time i): whence, by equality, ££ -Q. 

: i :: : and confequently v = ^-Q X 

Again, the fpaces z and x (defcribed in the fame time) be¬ 
ing in the fame proportion as the celerities and v, with 

which they are defcribed, we alfo have v = To ex¬ 

terminate v and v out of this, and the preceding equation, 

*222, and 

z 

Qx*z 2 «zx I-VJ 


make - = w, (or w = — £ + 1); then v = 

xv * 


-J- 2tf«iv 
z 

Qi 


— v — Qx Af—1 

- x 3 2tf K 


4M==ri (by writing —for its equal x) 5 which 

_1 — w\ 1 w 

, , , . w . w 1 » w Q 

equation may be reduced to s +- = - ^ 7521 " 

exprefling the general relation of w and z, or of x and z , ac¬ 
cording to any value of u. But in the cafe propounded, where¬ 
in no force is fuppofed to a£t, befides that tending to the center 
C, the celerity au with which the area ACB increafes, will 
be a conftant quantity ; and therefore, u being here = o, our 


. , a r iv 

equation becomes — = 1—w 

1 Z Z 


*CL 


rr: from whence, 

— 4« l X 1 — 

when Q^is given in terms of x (or w), the relation of w and 
z may be determined. 

COROLLARY I. 

Hence, if the centripetal force, by which a body defcribes 
a given orbit at reft, be known, the increafe of that force, 
when the orbit itfelf is fuppofed to have a motion round the 
center of force, may be eaflly deduced: for, let the angular 
motion of the orbit, be to that of the body in the orbit, in the 
conftant ratio of m to I 5 then, the whole angular celerity of 

the 
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the body, here, being in proportion to the angular celerity 
when the orbit is quiefcent, as m + i to i, the centrifugal 

force here, will therefore be to that ( — j in the quiefcent or¬ 
bit, in the duplicate ratio of m -j- i to I (by the Lemma), and 
fo will be truly exprelfed by m + i] x ^L. From whence it 

appears, that mm -f- 2m x dfA i s the increafe of the centri¬ 
fugal force arifing from the motion of the orbit: which quan¬ 
tity, therefore, muft be that whereby the centripetal force 
ought to be likewife increafed, in the moveable orbit; fo that 
the difference of the two forces, whereby the motion of the 
body in the line CB is accelerated, may be the fame here, as in 
the quiefcent orbit; in which cafe the value of CB itfelf, in all 
contemporay pofitions, muft neceffarily be the fame. Hence 
it appears, that the increafe of the centripetal force, in order 
to the defcription of a moveable orbit, will be always inverfely 
as the cube of the diftance ; and will, moreover, be to the 
centrifugal force in the quiefcent orbit (in all contemporary po- 
litions), in the conftant ratio of mm -J- 2 m to 1. 

COROLLARY II. 

If the centripetal force (Q) be fuppofed, inverfely, as the fquare 
of the diftance, and the given value thereof, at the lower apfe 
A, be to the centrifugal force there, in any given ratio of 1 — e 

to 1 ; then, as the general value of the centrifugal 

force, will, at A, become = the centripetal force there 

will be exprelfed by — X 1 — and confequently that at B 

by 1 ~ ■ X or its equal -— x 1 — . Which 

value being fubflituted for Q, our equation here becomes 
^ = e — w: whence, multiplying by w and taking the 

fluent, we get z=z ew — — (where, the angle CAB being 

fuppofed 
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Fig. 32. fuppofed a right-one, no corredion is neceffary); fo that we 


have z = - 




but the laft of 


\/ lew —• wiv ~ a s/iew — ww 

thefe quantities is known to exprefs the fluxion of a circular 
arch ( A ), whofe verfed-fine is w and radius e ; therefore — be¬ 
ing .— or a \ e w z \ jl) it follows that the arches and Ji. 
(which are in the fame proportion with their radii a , e) muft be 
fimilar, and confequently their verfed-fines, AF and w, in the 
fame proportion above fpecified, or as a to e: whence we have 
, V , AC AF t> _x. AF AC — CF 

w = - X AF, that is, 1 - 


= But 


BC ‘ 


AF 
AC = 


AC 


_ j_CF __ j — (fuppofing BE perpendicular to AC); 


therefore t —and confequently BC — AC 

(= BD) —ey. CB —CE; from which equal quantities take 
away e x BD, fo (hall BD — e x BD = e x AE, and therefore 
i — c : e :: AE : BD; which is a known property of the conic 
fedions, with refped to lines drawn from the focii. Hence it 
appears, that the trajedory will be an ellipfe, parabola , or hy- 
perbola , according as the antecedent 1 — e is greater, equal to, 
or lefs than the consequent e ; or according, as the centripetal 
force at A, is greater, equal to, or lefs than half the force fuffi- 
cient to retain the body in the circular orbit ADK.—As to the 
particular fpecies of the curve, correfponding to any given va¬ 
lue of e , it is, from hence, very eafily determined: for, if 
AO be made to reprefent the femi-tranfverfe axis, then will 
AO : OC (:: AE : BD, p. conics) :: 1 — e : e-, therefore, by 
divifion, AO : AC :: 1 — e : 1 — 7 .e\ whence AO is known. 


COROLLARY III. 

If to the foregoing force, varying in the inverfe ratio of 
the fquare of the diftance, another force, which is inverfely 
as the cube of the diftance, be joined (which, at A, is to the 
former part in any given ratio of s to 1 — e), the place of a 
body, thus aded on, may be found in the fame conic feclion 
Fi-r. 27. APRS, above determined, fuppofing it to have a motion 
D about 


in Mechanics and Phyfical Aftronomy. 


about the focus C, which is to that of the body in the 
fedtion (referred to the fame point C) in the conftant ratio 
of m to i; the value of m being = \/1 -|- s — i, or fuch, 
that mm-\-2m : i :: s : i (by Corol.I .)—If the centripetal force 
be barely as the cube of the diftance inverfely, the curve A'B will 
degenerate to a right-line j in which the body will continue to 
move with an uniform velocity, while the line itfelf BA' (al¬ 
ways touching the circle in A') is fo carried along by the mo¬ 
tion of the radius CA', that the angle ACA' fhall be to the 
angle A'CB, in the conftant proportion above fpecified; the ra¬ 
tio of the centripetal, and centrifugal forces at A (and confe- 
quently in every other pofition) being exprcfled by that of 
s to i -{-J. 


COROLLARY IV. 

If the centripetal force to be as any power of the dif¬ 
tance, whofe exponent is //, and the given value thereof, at 

A, be in proportion to the centrifugal force J, as r to i; 

we fhall then have x — = IT- v —- 1 - ■ ■ ■ and here 

* a a 

• a Q 

our equation, — = i — w - -7 7 , will become 

4 u x x i — w\ 

^ = i — w — : which being multiplied by w. 


and the fluent taken, we thence get 


« + i 


+ and confequently 



2 


z — ■ - _ _.. -,■ — j from whence the 

J%W — W'— 2r - lEBU 4- -2L- 

' n -f- I n -f- i 

value of z , by infinite feries, or the quadrature of curves, may 
be found. 


But when r differs but little from unity, and the orbit is 
nearly circular, - ■ . _ — (becaufe of the fmallnefs of w) 

1 — «;} f x 

will 


i 4 4 


7 ‘he Refolution of fame General Problem 


will be nearly equal to r X i +« + 2 - w > and there ' 

fore -rr- == i — w — r — 11 + 2 


. rw z=. I 
a'w 


- S0. 


^ , a 1 tv _ l _ 1 

n + 3 . w, nearly ; and consequently ===—7 — * + 3 

33 p ut f = 1 =T, and A — s/n+1 X z > that is > let A re ' 

prefent an"atch A'D oS the circle ADK, whichk always 
to die arch AD (or z), in die conftant ratio of v/ ” + 3 to 1 • 
then AA being = « + 3 *j“> our ct l uatl0n ’ b y fubftltutin S 
theSe values, will become g =/— wbich differs in n0 ' 

thing Srom that reSolved in Coral. II, excepting 

only that A andV are here uSed, inftead of 2 and \e: whence 
k iJmanifeft, that the value oS « (there represented by e x verf- 
ed-fine of z) will here be truly expreffed by/x verfed-fine ot 
A: from whence and what is there demonftrated, it alfo aj- 
nears that the place of the body will be in the periphery ot a 
given ellipfe A'BR, revolving about its focus C > 
celerity, which is to that of the body in the ellipfe, in thecon- 
ftant ratio of the arch AA'to the arch A'D, or as 1 — ✓« + 3 
to s/lT+ 1 - And it is evident, that the motion of the apiides 
will be to the motion of the body in the ellipfe, referred to the 
focus C, in the fame given ratio; and that the angle defcnbed 
by the body in moving from one apfide to the other (becau e 


AD is always ; 


. N 1 

A'D y - - 1 -—) will be = 180 0 x 

•/n- |-3/ 


\/« 4-3 


180 1 
+ 3 


_ All which conclufions, as well as thofe derived in 

the + preceding Corollaries, exaaiy agree with what Sir Isaac 
Ni.wton has demonftrated, by a very different method injhe 
third and ninth SeSKom of the firft book of his Fr '" c, P' a ' A 
to the motion of the apfides of the lunar orbit, with the other 
Inequalities depending on the fun’s aftion, thefe require the 
ufe of 0 'her principles, and the folution of the following 

P R O 
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PROBLEM VI. 


tfhe fame being fuppofed as in the lajl Problem, and that, bejides 
the force tending to the center C, another force, whofe meafure 
is R, adls continually on the body, in a direction perpendicular 
to the radius-vedlor BC; it is propofedto determine the curve ABP 
which the body, Jo adled on, will defcribe. 


Every thing in the preceding Problem being retained, Fig. 31. 
we have nothing more to do here, than to get an equa¬ 
tion for u, by means of the new force, whereon the increafe 
or decreafe of u intirely depends. In order to this, we 
have, as g (the given time) is to t, fo is R, the velocity gene¬ 
rated in the time g, to the velocity generated in the time 

0 g • 

t, in a direction perpendicular to BC: whence the cor- 
refponding increafe of the celerity au, with which the area 

ACB is generated, will be exprefled by — x —, that is, — x ~ 

will be = aii. But, as it has been proved that g : t :: : z. 


we have — = —— ; and therefore aii = or 2 uii ■==. 

g laau. ifaau 

(becaufe x = Hence, by taking the 

fluent, we have u' = c* -|- flu. (c' being put for the 

I - 

neceffary correction, or the value of u 1 when 2 = 0). From 


which equation, and that 


fw , w_ l_ m 


-AO 

4au z x I— iv\ / 


derived by the preceding Problem, the relation of u, w, and z 
may be determined, when the law of the forces Qjind R is 
afiigned. ^E. I. 


U 


CO- 
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COROLLARY 

If the forces ^,and R are fuppofed to be in proportion to 
j the centrifugal force at A, as A to i, and n to 1, re- 

fpedively (A and n being any variable quantities whatever), 
and if the celerity \au) with which the area ACB increafes be 
fuppofed in proportion to (ac) the firft value thereof at A,^ as 

£ ^ to 1; then, QJ>eing = —f, R = and u—c £ , 
our two equations, by fiibftituting thele values, will become 


v -* J ^ . a 

, - 2lli 1 T w I £ W ___- 

£ — I + flu. ^==ji and ^ T 7T X & ^2x7=^ J 

or£=i-f flu.-^J~r,and^ + W “ I — ^ — —^~r 3 by 

making AC unity; which laft equation will be^rendered ffill 
more commodious, by writing for £ its equal ~"^ 7 ; whence 

will be had i + »(= » - — 1 - —==f )=■~ir 

XX Sa-X I— w 1 2X1— w\ J 2 


into £ — A x 7 ^^ —nx --x 1 —wl 3; from which the 4 
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values of w and £ may be found, when thofe of A and n are 
affigned: by means whereof the time (t) of describing the an¬ 
gle z, will alfo be known, from the equation j = ( a “ 

i J 

bove derived): which by fubftituting c £* and ==p for their 


equals u and _, gives t=-X %i xT= ^'- 

To exemplify the ufe of the equations here derived, by the 
refolution of a cafe on which the determination of the lunar or¬ 
bit depends, let the force A, whereby the body is folicited towar s 
the center, be confidered, as compofed of two parts 5 whereot 
the principal (b x “T^ 1 ) is in the inverfe duplicate-ratio of the 
diftance; the other part, which is fuppofed fmall in companfon 

of the former, being as the diftance ^-^^Vliredtly, drawn in¬ 
to 
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to a feries (P'xcof.-f- Q' xoof. R' xcof. rz> 6 cc.) of co- 

fines of multiples of the arch z , joined to fmall, given, coeffi¬ 
cients F, Q', R', Stc. and let the force n, ailing in the per¬ 
pendicular direction, be alfo fuppofed, as the difiance directly, 
drawn into a feries ( Pxfin.pz -f- Q^fin. qz-\-Kxftn.rz * See.) 
of fines of multiples of the fame arch, joined to fmall, given, 
coefficients P, Q, R, See. According to thefe afiumptions, by 

fubftituting by I— w\* — x P cof/s-f-Qjrof. qz See. and 


1 - xPtin. pz Qfin .qz Sec. for their equals A and IT, our 

I —w 

ITa yy 

two equations, £ == I 4 - 2 fluent :-v‘> a nd ——P w = 

__ I—T '- 1 ZZ 

J_ x £ Ax i w\~ z — nx-x i— w\~ Z y will here become 

2 __*_ _ 

2 = i 2 fluent P z fin .pz + Qi; fin. qz Sec. x i—w' 4 , and 

~ + w = ~ into £—b — P'cof .pz +Q^cof. qz Sec. x i—^ 3 

— ^xP fin./z-j-Qfin. qz Sec. x i—wf 4 . 

Now, the orbit being fuppofed nearly circular, we may, in 
order t o a firfl approximation, negleCt w in both the factors 
i—and l—wF, as being very fmall in refpeCt of unity; 
by which means £ will become = i +2 flu. pz fin.Qi: 

fin. qz Sec. = i-| -d — y x cof. pz — — x cof. q% &c. (fee 
p. 82.) where d, reprefenting the neceflfary correction to the flu¬ 
ent, mufl be taken = y 4 ""^ & c * ^ ma y ke =1, 

when z=z 0 . This value of £ being now fubftituted in the fe- 
cond equation -f- w = ~ x £—^—Fcof. pz —Qj:of. qz Sec. 

(where ^ x P fin. />2:-(-QJjn. qz &c. on account of the fmall- 

* This ajfumption is not the lefs general by the multiples of z being taken the fame 
here as in the value of A ; becaufc , if any multiple of z, in the one value , enters 
not into the other , it is but fuppofmg the correfponding coefficient in this lajl^to va- 
nijb or become equal to nothing . 

u 2 nefs 


147 
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nefs of —there cometh out 


» +«= -L x i+d-b- 4’ +P'xcof.jfe- ”+Q.'xcof-F & c- 

where the general multiplicator i-maybe alfo omitted, as differ¬ 
ing very little from unity: this being done, and the fluent being 
taken, according to the method on f. 92,we thence find w=i+d 

” ,here p ' = 7+ p '- 

q"__ fQ. 4_ Q' a &c. and where the term a cof. 2?, by which 

the fluent is correaed, muft have its coefficient fo taken, that 
w and z may have their origin together, that is, « muft be made 
P" O" 

— b 1—dA - 4- ■ See. 

— ° 1 “T i—pp “ i—?? 

we may by 


-pp 1 1 —ft 

Having thus found a value nearly equal to w, 
help thereof, proceed now to a fecond approximation , by f ub- 

ftituting that value for w, in the fadors 7—^1 3 and 1 —^ , 
wherein it was before negleded ; and,to facilitate the computation, 
the terms in the value of 1 —w (whofe reciprocal is the diftance 
of the body from the cent er of force) may be exprefled by the 

general feries of coflnes, ex 1— B cof. $2— CcoCyz D cof. dz &c. 
(as it appears from above, that the value of w will conflfl: of 
fuch): by which means the fame terms before determined 
will be again brought out, together with a number of others, 
ferving as a farther corredion. But, fince the former opera¬ 
tion is made, more with a view to difeoverthe form of the feri¬ 
es, than to be regarded for its exadnefs, I fhall have no far¬ 
ther reference thereto, but proceed to determine the value of 
the feveral quantities e , B, C &c. de novo, by a method fome- 
thing different from that ufed above. 

Firft, the n, from the equation __ 

j — 'll) ■ == z e x 1—Bcof. @z —C cof. yz — &c. will be had 

4- j: X B cof. fiz 4 C cof. yz &c. 4 - &c. 

and 


-3_ 
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andT—* B cof - P z + C cof ' &c ' + &c ‘ 
which laft value being multiplied by Pz X fin. pz (accord¬ 
ing to the purport of our fir ft equ ation, X — 1 + 2 fluent 
Yz f m . pz+ Qsfin. qz &c. X j— to 1-4 ), and a proper regard 
being, at the fame time, had to the Theorems on p. 80, the 

produft will ftand thus, _ 

!!f x fin./z+ ~r x—Blin ./3 •p* z+Bfm./ 3 +/>.;s &c. 

or thus. 


^ + ^x£f./>-{ 3 .z-f Sf.^-H 3 - z+ C(.p-y.z+ C{.p- f^.z&c. 

whereof the fluent will be _ 

? r 2? BcofjH3.z . Bco(p-fi3.z , CcoCp^y.z Ccoi.p+y.z 

+-t^-+- 7 +— &c * 

In the very fame manner, the terms arifing from the multi¬ 
plication of Qzx fm. qz will be exhibited; and we fliall there¬ 
fore have _ 


x cof. pz -|- Q~x cof. q z -f- — x cof. rz & C. 

| 4 P Bcof. p —(3.z .5cof. , Ccof. p—y.z Ccof.p-\-y.z 

^ 7T X />—0 /-f-ff />— y_ />+? 


4 Q_ Bco(.q — (2.z t .Bcof. q-\-Q.z f C cof g — y.z t C cof. y-(-y.z 

— V+ x d ?+y 

&c. &c. 


In which the quantity d> aflumed to denote the neceflary cor- 
reftion, muft be fo taken, th at 2 may be = i, when z=o. 


that is, d muft be equal t0 4 * T + 7 + T &c ‘ + 


4 p x JL JL 4- —_ \- -7— 

7 />—3 'P+$ ' A -y H- ? 


&c. + 


iS-x —2-. 4 -?- 4 - 4- -T" &c * + &c * Proceeding 

^ * q—e ^ f +|8 n J—y ~ <?+* _ _ 6 

f W \ 

now to fubftitute in our other equation I ^ + w x S — 2 + 

b -j- P' cof.^+Q^of.^&c. x 1 + wl 5 ")r 


1 S° 
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^ X Piin.^+Qfin. qz& c. x i—w/' 4 =o) wc /hall, in the firfl; 
place,by taking the fluxion of w= i — e-j-ex B coL/ 3 z-^Ccof.yz&cc. 
h ave T ^ B fin.Cfin.y#&c. p. 82 83.) 

whereof tlie fluxion being, again, taken, we get 

ZT = — ex & ® ^ n * 0-+?' Cfln. yz &c. and confequently 

W . . ~- - - - - . 

S’ + w = 1 — e + e * X B cof. ( 3 z 4- I— yy X Ccof. yz &C. 


Hence 2 ?. + w x £ — £ = — * 2 4. 


*X 1 —0iSx.Bcof. £z-f-l —yyXCcof.yZ &C. X —p" X -j-Cof./«+ Sr x C of. yz &C. 

which (by an aCtual multiplication of terms of the two feries’s 
into each other, and a proper application of Lem. i^onp. 76, neg¬ 
lecting at the fame time, all terms wherein two, or more di- 
menfions of the quantities B , C, D &c. would arife) will be 
reduced to 

—’*2+ 1 -fd. 1 — 0 @*eBcoC 0 z ~\-1 1— yy.gCcof.yzq- 1 -{-</. 1— 3fr.gZ>cof.3z &c. 

I -^7 X — Xcof./>—g.z-f-cofy+g.z-f- yXcof y—jS.z+cof. y-j-£.z &c. 

-c ^ - 

1 77 ' c* P Xcof./H—y.z-l-cor./>-}-7.Z-l-— xcof.y—y.z-f-cof. y-}-y.z &C. 
&C. &C. 

In like manner we h a veFcof/g+Qcof.^&c c. x 73^1 -3 __ 
Fcof/z-f Qcofyz&c.x-i- + x B col'./ 2 z -fC cof. yz&cc. 

■pp X P'cof./>z-J-Q^cof. ?z-f-R' cof.rzUc. 

~P' _ _ _ _ _ _ __ 

“f* x B cof. p — 0. z-j-B cof. p-\-0. z-j-C cof.p —y. z-{-C cof./>-f-y.z &c. 
H xBcof.y— 0. z-j-B cof. y-{-£. z-j-C cof. q —y. z-j-C cof. q-^-y.z &c. 

^ &C. &C. 

Lafl:ly becaufe ~ z= —£x/3Biin./22;4y Cfln. 72; &c. it fol- 
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lows that ~ X P fin .pz -f- Qfin. qz &c. X i— w)~ A = 

—ex ( 3 Bfm.l 3 z-\-yC fin. yz &c. X Pfin./s-j-Qfin.^s; &c. 

X ^-X p-xB cofj 3 S+C cof.^&c. whence, by proceeding as a- 

bove (neglecting the latter part, d-xB col'. ( 2 z-\- C cof. yz &c. 

of the laft faCtor, as producing terms involving two dimenfions 
of the quantities B, C, D, &c.) will be had 

— - 5 - x/3Bxco Cp —jS.z—/SB cofz-f- y C cof. p — y.z —yCcof./>q-y.z&c. 


— -y X /3Bcof.f—0.Z—#Bcof. f-{-/3.Zr}-yCcof.f—y.Z—yCcof.f-J-y. z&c. 
&c. See. 

Now let the three values, thus determined, be collected to¬ 
gether, taking inftead of £, its equal, as given by t he firf t equa¬ 
tion, puttingy== i -{-d, and dividing the whole by i \d.e\ by 
which means our e quation is, at length, reduced to 

I—j3£. B cof. (3z-f -1 — -yy. Ccof. yz-f- I 3ft. D C©f. ftz & C. " 

b , I 2? ~ „ 2 Q 

*" I + 7 + ^ :X 7+ P xco f.p z + Qlx cof. ?z&c. 

’ 4 P , 3 P' ^ - P B _ 

+ + 7 -T 7 x 77 cof - 

. 4 P . 3 1 " , P p - P B _ 

+ T+T - 1-ge - 7 x 7 y- cof -/’+S'* = 0 

4 p 3 P' vP - p c ,- 

+ 77+2 2 ~ I — rr - 7 x 77 r - * 

A? 7? , yP -- P~ C ,- 

+ H7 + 7' + 7 -*-«• 7 x -^-cof.p+y.z 
&c. &c. 

But as the coefficients of the terms in this equation are much 
compounded, it will be proper to make a fubititut ion for them: 

Thus, le tF=-L+P.'x JL, q= 7 + ^ x 77 &c -' 

pbT= _i- 4- _JL_izf!. x 12., 

p —ft 2 P 2 /> 

p b 2 —-—4-1 *—gg v 22. 

r D 2 —■*+* * 2P ^ 2 -7- * */’ 


PC 
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PC i = 


4_ 4. £ _ 2 . - 

0-y + zP ^ 


P C 2 = : 




PC 

_ *f' 

i—££ PC 


I—y 

P 


Sec. 


p+y 1 2? T" 2 P ~ **/ 

fuppofing thefe fubftitutions to be continued on, to take in the 
terms affe&ed by the other given quantities Q, R> r, & c * 
(which are had from thofe above, by barely writing Qand q &c. 
in the place of P and p See.) This being done, our equation 

will ftand thus_ __ 

i— ( 2 ( 3 . B cof. fiz-\-1 — yy- C cof. yz-\- 1 —$. D cof. , 

See. 

— i +Pxcof .pz -j-Q^xcof. qz See. | 

+TbT xco tp—( 3 . z + PB2X cof. pA-&.z \ = o 

4 - QBix cof. q~0.z + QB 2 x cof. g+0. z Sec. 

J[-PCi xco i. p—y .z + PC2 X co f p-\-y .z 
4 -QCT x cof q—y. z + QC2 xcof q-\-y. z &c. 

Sec. Sec. . ^ 

From whence, by comparing the multiples of the arch z , in 
the firft anJ fecond lines, we have y—p, $z=q, and fo 
on, to as many values (n) as there are quantities p , y, r, See. 
And, by equating the correfponding coefficients of_ thofe 

*P* q 

equi-multiples, we alfo haveC=- i—pp ’ 


E= ■ 


-—, and fo on, to n terms. Then, the value of the firft 

i—rr 

n terms of the feries B cof @z -{- C cof yz-\~ D cof $z Sec. 
(exclufive of B cof jQ z, of which more hereafter) being thus 
known, the terms in the 3d, 4th, 5th, &c. lines of our equa¬ 
tion, being compounded of them and the given quantities P, />, 
Q q. Sec. will alfo become known; from whence, by 
continuing the comparifon with the terms of the upper line, 
after thofe already taken, a new fet of terms, involving two 
dimenfions of the quantities B, C, D, &c. P, P, Q, Q^&c. 
will be determined: by means whereof, ftill continuing the 
operation in the fame manner, a third fet of terms may be ob¬ 
tained; andfoon, at pleafure. 


As 
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As to the firft term i— 13 ( 3 . Bcof. ( 3 z , whereof no ufe has 
been yet made, it is referved to take off, or deftroy any other 
term," or terms, of the fame fpecies, that may arife in the ge¬ 
neral equation. If no fuch term fhould occur, it is but making 
the coefficient T^( 3 ( 3 . B=o, and every thing will be right: 
But that fuch terms do actually arife, will appear in the fol¬ 
lowing illuflration of the general method of proceeding^ applied 
to a particular cafe, whereon the determination of the lunar or¬ 
bit depends. 

Let P'=P, j P, and Q, R &c. all equal to nothing *; 
then our equation will become 

l-.S/SB cof. @Z -p I -yy. C cof. y Z-J-1 -3&D Cof. Jz-fl~E£.Ecof. £Z &C. 

— 1 4 -yy +Px cof. pz 4 Q4 PB ixcof.^ — £.z4 PB2XC0 (.p-\-&.z 

4 QBi 4- QB2 x cof. &z 4 PC 1 X cof. p—y. z + PC2 Xcof^-f y . z f—o 
“h 1 4 - QC2 x cof. y z 4 PDi Xcof. p —£. z 4 PD2 xcof.p4<fz ' 

4 C*>L)i -|-C£P2xcof. S'z-j- PE 1 Xcof.p— e. z +TE7x cof-T+fTz 
4 + Q£ 2 X cof. e z+ &c. 

Make now, $=p — ( 3 , and t=p-\-\ 3 ' y then the equation 

will Stand thus 

I—i£( 3 . B cof. g Z 4 I- yy. C cof. yZ-\- I- 5 $. D cof. 3 z 4 &C. q 

b _ _ _ _ _ _ 

— 1 4 e f 4 P x cof - P z 4 Q_4 I X cof. p—0. z 4 PB 2 x cof./>4(3. z J 

---- - - ->=0 

4QBi4Q? 2 x c °f.0z4PCi 4PC2x cof. 2 />z 4 Qff i 4 OS- 2 Xcof^z 
4'PDl X co f. gz 4 Pi3 2xcof .2/) -g.z4 QPi 4 QP 2 x cof-7^. z, &C.J 

Put B'r= QBi +QB2 -f-JPDi + &c. 

C = Jp + QCi_+QC2 _+&c. 

D' = PBi + QDi + QD2 -j-&c. 

E' = PB2 + &c. 

F = PC2 + &c. 

G' ==PD2 -(- &c. 

Then, expunging the terms which have no multiple-cofine 
in them (as alfo destroying each other) we, at lengtn have 

* That thefe aflumptions are fo made, .as to exprefs (nearly) the forces 
whereby the fun difturbs the moon’s motion about the earth, will be Shewn 
hereafter. 




x 
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y.Ccof.yz-f* i —D cof.Jz-f-i— ee. E cof. EZ & c. *) 
Ccof. fte-j- D / cof. ^z + Ecof./>-j-i2.z 0 
■ Gcof.2/)-3.z4- H'cof.2/>4-i3.z4- & c * 3 


i— 00 .Bcof. 0 z+1 —yy 

4-B'cof.^z-j- _ __ 

4-F'cof.2 pz-\- Gcof.2/-i3.z+ H'cof.2/>-f0.z4- 

whence i—®3x B=—B', C=— D = — 

E' ^ F' G 


E=- 


I —/’"t'Sl 


■> F 


i— 4 pp'^ i-2p-£\ l > ^ 


=r, &c. and confequently 


=ex 


i -2 p+e) ___ 

i —w (=fx i—B cof. ( 3 z — C cof .y z &c.) 

“ « . ^ . C'xcof./>z D'co tp-p 

, i Bcof. / 3 z+ — =*T + T=^J ~fW 

F'cof.2/>z , G'cof.2/)—j 3 .z j H'cof.2£4-/3.z , 

+ ^ 1-2 p^?r + "t + 

In deriving the equation here brought out, all terms involving 
two, or more dimenfions of the quantities B, C, D, &c. are 
neglected; it will, therefore, be neceffary to fhew now, how 
the effect of thofe terms may be computed, and the approxi¬ 
mation carried on, to any farther degree of exa<5tnefs defired. 
Previous to wjiich, it will be proper to obferve, that, in the 
preceding calculations, the quantity i— w\~ z was taken = 

-T 4 * 7 X B cof. [3 z -f- C cof. yz &c. barely , and i— wt~* = 
77 + jr x B cof. fiz-\- C cof. y z &c. whereas the true value 
of i— w\~\ or ex i — B cof. (3 z — Ccof~^&^]~ 3 is — 
77 + ~xBcof.^z-j" Ccof. yz&ic. -h — x iicol. /Sz-pCcof.vz&c./ *+&<:. 

and that of i—-f- ~ x B cof. l 3 z~-\- Ccof. yz &c. 


+ 77 XBcof. (3z-\-C cof. yz&cf Now Bcol. /&+ Ccof ‘ 

(before negle&ed) is evidently equal to B* x cof. (3 z\* -fi 
2 B C xco f gz X C cof y z & c. r=-i B‘X 7+ cof. 2 gz + 

BCxcof y— (3. z -f-cof y-\-(3. z 4 &c. all which cofines, to¬ 
gether with their coefficients, will be known, feeing (3, B, y , C 

&c. 
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&c. are given (or nearly fo) by the preceding operation. And, 
in the fame manner, a feries of cofines exprefiing the value of 
B cof. jG z-\- C cof. yz ’ (or of the moft confiderable terms 
thereof) may be found, fhould it be neceffary to continue the 

approximation fo far. . 

To find what alteration thefe quantities will produce in the 
value of i —w (before found) let any new term thus arifing in 

the value of i—-wl" 3 , be denoted by ~ x cof. az , and the term 

anfwering to it in the value of I—by ^xcof.az: then the 

correfponding increafe in the value of — e £ (= — e —2 e x flu. 
plsfin./s+Q 2; fin. qz. &c. x 1 — wl 4 ,) will be — 2 e X flu. 

P zhn.pz + Q z lin. qz. 6cc. x * xcof. az = — ™ into flu. 

Pgxfim^-—< T.z^hn.pAra- Z'^Q ^in.q—a.z+Cm.q+ a.z&c . 

N- Pcof. a.z Pcof!/>+«. z , QcoC?— a.z , Qcof. q+u. z 

= 7T mto —+ - j+7~ + i-cc + hT" 

&c. 

In like manner, the incre afe of the fecond member 
(P'cof. pz + Q' cof. qz &c. x 1—w|“ 3 ) of our general equati¬ 
on {feep- 147*) appears to beP'cof^z+Qcof.yz&c.x ^X cof. a 2 

M - ■- - - - - --— - 

xPco f./>—a.z-}-P co(.p-\- a.z-j-Qcof.f— a. z-pQl c °l*?+«- z &C. 

And the increafe of the lafl term, or member, 

>_ * 

P iin./z + Qfm. qz &c. x i x flux, i^w\~ 3 , is had = 

- -— r Maz /» 

P fin. pz + Q.fin. qz &c. x -r x- ~r x “ n * a z 

_ _1_ Ma c 

= P Cm.pz + Q fin.yz &c. x — p- x lin - a 2 — 

— x P co ^ p -—<*• z — P cof. p’b a,z +Q« c °f f— a,z — Q.cof. f-f a.z &c. 

Let thefe three quantities be now colle&ed together; from 
whence the new terms entering into the general equation, 
when the whole is divided by ef will Hand thus 


P 
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p n , mp <m — , p n 
7 f X TT a + IF-—--p+« 


, MF . aM - 

+ Tp* + -r xcof.^+a.* 


/>-a * 2 p 6- r 1 />+« 2 r O 

+ &c. 

So that, from the general method of operation before laid 
down, it appears that the proper correction for the value of 

i — Wj arifing from the terms, ^xcof.azand ^ xcof. «z, be¬ 
fore nepleCted in the refoeCtive values of i— w\ 3 and i— w\ 4 > 


fore negleCted in the refpeCtive values of i —i 
p N , Mt J _ 

will be expreifed by e into x — + Tjr 


aM cof. p—a. z . 
—-— x — - 4- 


p v N i Mp/ i ;_ _ 

e*f p—a ' 2 p 6 ~ 1 — p+*\ % 

Q_ N MQl _ qM y cof. q—a. z . 

X —a ‘ 2 ^ 6 i —g— ct'C 

a x iL 4 -H + ^x + & c . 

i+f q-\-a ' *0. 6 i—a) 

In refpeCt to which it may be obferved, that no regard hasr 
been had to fuch quantities as would arife fro m the m ultiplica- 
tion of the new terms in £, by the feries i— fift. B cof. ( 3 z 
I —yy. C cof. yz -{-See. (as ought, in ftridnefs, to have been 
done); becaufe thefe terms being ve ry fmal l, t hey wi ll, after 
multiplication into the fmall quantities i— 13(2 x B, i-^yxC&c. 
be fo far reduced, as to become quite inconfiderable. And it 
may be obferved farther, that even the whole produCt ariiing 
from the multiplication o f the value of £ into the faid feries, 
except the terms — el -f-1— QP.efBcof.Qz-]- i— yy. efCc.oi.yz 
&c. might be alfo rejected, without producing an error of 
.more than a few feconds, in finding the place of the moon in 
her orbit. 

Having fhewn what alteration will be caufed in the value of 
i —w (the reciprocal of the diftance of the body from the cen¬ 
ter of force) from the taking i n of an y fmall, aligned terms 
in the values of i—and i—w'~ 4 , it may be a pro¬ 
per place here to fhew (as it is of great importance to be 
known) what change will arife in the faid value of l—w 
from the addition of any fmall, new terms, Afin.Trs, 

and 


cof. p-\r<*- z 
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and A' cof. irz> to the refpedive forces P fin. pz + QJin, 
qz &c. and F cof. pz + Q; cof. qz &c. whereby the motion of 
the body is difturbed. What this alteration, or correction 
ought to be, is eafily difcovered from the general equation on 
p, ^ 51 ; from whence, by fubftituting tt, A, and A' inftead of 
p t P, and F, refpettively, the new terms affeCted by 7T, en¬ 
tering into the faid equation, will appear to be 

— x - + X x cof * * z 

e'f K A _ 

4 , 3 A/ 1 I-J3/3 w AB r - - n 

+ ^g *— f X cof. % p. z 

• _±_4- x AB XC of.^O'.i : .&c. 

^ tt +,3 '2A ' 2 V e*f ' 

and confequently the incr eafe in the value of 1 —w ariling 
A 2 j A 7 * cof. tz , 
therefrom = e into ^ x - -+■ A x 1—W 

— J TIa 7 1 v AB , 

9 T-.3 ‘ 2 A 2 7T I— 3T-£p 


it —3 ‘ 2A 2 it I—7r-pP 

~T~~T~3A ~. 1 —-3ff~ AB «£*+£» . &c# 

^4.3 + 2A ^ 2 *r e*f * I_^+£Y . 

where, in many cafes, the firft term alone, will be fufficient. 

In making the different corrections above pointed out, it 
will be found neccffary to have a particular regard to fuch 
multiples of the arch z, as are, either, very fmall, or nearly 
equal to unity (of which two kinds, thofe whofe exponents 
are y>—2/3, and p —/3, will be found the molt confiderable.) 
For, though the coefficients of fuch terms fhould appear, at 
firft, to be fmall, they ought not, therefore, to be immediately 
rejected; becaufe the divifors which they afterwards receive 
(the former in obtaining the value of 1—w,. and the latter, in 
finding the anomaly from thence) are fuch as may render the 
effeCt, or quotient, too confiderable to be intirely difregarded. 

And it may be eafily conceived, without the help of cal¬ 
culation, that a term, or force of the former kind, exprefied 
by the fine or co-fine of a very fmall multiple of the longitude 
z, muft neceflarily have a much greater effeCt, than another 
(having the fame coefficient) which is proportional to the fine 
or co-fine of a large multiple of the fame angle : becaufe, when 

the 
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the index y or multiple is a very fmall one, the termitfelf, while 
z increafes, will continue, for a confiderable time, nearly of 
the fame values and confequently, will have its whole effedt 
exerted in the fame direction ; but when the multiple is a large 
one, the changes from pofitive to negative , and from thence to 
pojitive again, are fo.quick, that fufficient time is not allowed 
for producing any confiderable inequality in the body’s motion, 
before that effedt is again deftroyed by the fame force, adting 
equally in the oppofite diredtion. 

The value of i —w (the reciprocal of the body’s diftancefrom 
the center of force ) being, by the formula laid down above, 
approximated to a fufficient degree of exadtnefs, we may from 

thence, and the equation i == X. x (given at page 

146.) proceed to compute the time (/) of defcribing the angle 
z ; whereby the difference between the true and mean anoma¬ 
lies will alfo be known; which, in the lunar theory , is the great 
point in queftion, and is befides, abfolutely neceflary in or¬ 
der to introduce the proper quantities of the forces whereby the 
moon’s motion js diflurbed. 

Let, therefore, the value of £ (as given by the firft equa- 
tion , at p. 149,) be here reprefented by 
fxi —B cof. @z —C cof. yz — D cof. $z Sec. fo fhali 
t xi-Bcof.£z—Ccof.rz X X 1 — B cof. £z &c.| -a 

But i-Bcof j 3 z-CcofyzScc. f~' = 1 f x B cof. Qz See, 
t x B cof. ( 3 z-\-C cof. yzScc.l —i-f- l x Bcof.jS z + Ccofy z Sec. + 

{ X ^BB x i + cof.2j3z-|-BC x cof. y — ff.z-t-cof.y-f-ff.z& c. 
An di — Bcof pz— { CcofyzSec]* 7, — 1 -f 2 x B cof. Qz Sec. 

3 X t BB x 1 + c °f* 2 &z 4* BC x cof. y — 2 + cof. yz Sec. 
Which values being multiplied together, we thence get t = 
i f 2 x Bcof. ( 3 z-{-Ccofyz Sec. 

1 I '- x B cof. pz-j-C cof. y z See. 
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-jXiBBxi+cof. 2 ff z+BCxcof.y— ff.z-f col'. y+/3.g &c. 
-\- ■ y x [ BBxi-(-cof. 2j3z4-BCxcof ?—ft.z-}-cof. >-4-/3. z See. 

ixBBx i -)-cof. 2(Sz - 1 - BC BCxcof.')— -Q.z-\-c.y-\-fi-z&tc. 
Put ,6=i+vxBB+CC+DD See. + r ’ 5 xBB+CC+DD &c. 
+ J- xBB+CC+DD See. (B) == 2 B-fJ B, (BB)_= ] BB+ ,V 
BB+ vBB, (BC) = 3 BC+-> BC+{BC+ ;-BC, &c. conti¬ 
nuing on thefe fubftitutions, fo as to take in the terms aftedted 
by the other quantities D, E, F, &c. (which are had from 
thofeabove, by barely writing one letter for another); by means 
whereof our equation is reduced to 

|*£ +(B) xcot( 3 z+ (C)xcof7^D)xco Uzjkc^ 
(BB) x cof. 2/3 z -|-(BC)x cof.>— 

(CC) X cof. 2^+(CD)xcof. > —^.Z+COi.-y+J'.Z 
^ &c. &c. 

From whence, by taking the fluent &c. we have 
1 f , (B)xfin.<gz , (C)xfin. 7 Z (D)xfin.& 


2 cef x 


t== - t’sr-xi 

* " 2 ce /* 


be 


by 




■ See. 


(BB)xfin.20z ( (BC) fin.y—- 0 .z t fin. y+0.z , 
o ha~~ T h X y —0 “• v4-8 ' 


2 b& 

(CC)xfin.2yz 


v+0 


L 2hy h * 7 — & 7+^ 

In refpeft to which it will be needful to obferve, that the firft 
term, xz, will, when z = the whole circumference, 

be the true meafure of the mean periodic time; becaufe all the 
other terms being compofed of the lines of multiples of the arch z, 
they will, while z keeps increafing, change from pofitive to nega¬ 
tive, and from thence to pofihe again, and fo on continually; 
and therefore can have nothing to do in the mean motion \ being 
themfclves no other than the proper equations whereby the 
mean and true motions differ from each other; fo that, the true 
motion being defined by z, the mean motion will be exprefied 

by z + 4- —f - *' 7 - &c. as above determined. 


(CP) fin.y—&z fin.y+ £z 


+ &C. 


*59 


From 


i6o 

Fig- 3 r 


Fig. 
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. From the expreffion X *, here found, the proportion 

i time of the body in its orbit ABP 

& e c W and the periodic time in the circular orbit ADK, that might 
be described independent of the perturbatmg forces, by means 
of acen tripetal force fufficient to caufe the body to move there- 
’ll hJknown: for the quantities e, f, and h being heie, 
mcC equal to unity, the faid expreffion will, in this cafe, be- 
come = whence it is evident, that the periodic time 

in the circle, will be in proportion to the periodic time in the 
orbit ABP &c. as unity is to -rp 

Application to the Lunar Orbit. 

In order to apply the conclufions derived in the preceding 
pao-es, to the determination of the lunar orbit and the different 
tfauaUt.es of the motion therein, it will be neceffaiy, firft of 
ail to inveftigate the fun’s force to difturb the motion of the 
moon about the center of the earth ; from whence all thofe ine¬ 
qualities, , except that arifing from the excentncity, are pro- 

+ . dU Let C, S, and B reprefent any three cotemporary places of 
the earth, fun, and moon, refpeaively; and upon the dia- 
gonal BS, let the parallelogram BCSH be conftituted ; mak- 

>n \Fk beTfffiiS w deSe accelerative force of the earth to 
the fun, the accelerative force of the moon to the fun will 

be truly reprefented by k x ; which force may be refolved 
into two others, the one in the direftion BC, expreffed by 
_st£_ v BC . an d the other in the direftion BH, expreffed 
k x SB 1 *_ SC ’ 

which Iart, let the force k in the pa- 

°y K A cup ^ bB 7 

rallel direction CS be fubtrafted; fo fhall the remainder 
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* SI3^ 

£ x —— be that part of the force, atting in the dire&ion 
BH, whereby the motion of the moon about the earth is dif- 
turbed: But this quantity, kx ^r—-, is evidently equal to 

k x SC— SB x . w hich, as SB (by reafon of the 

great diftance of the fun) is nearly equal to SF, will be allb 

equal to k x CF x =7-, or to 3 k x g^r, very near j 

becaufe SC being nearly equal to SB, it may be here fubfti- 
tuted inflead thereof. Now this force 3^ x a&ing in the 

direction BH, parallel to SC, may be, again, relolved into two 
others j the one in a direction perpendicular to BC, exprelTed 

by ^xfin.SCB=3^x||- X fin. SCB x cof.SCB=: 
— x x fin. 2SCB; and the other in the diredion of CB, ex- 


CF 

preffed by 3 K x gg- x cof. SCB = 3 £ X g^ X cof.SCB*= 
T * sc x 1 co ^ 2 ^CB • ^ rom which lafl, let the force 

k x W X 'iB ( '° rkx sU) abov e found, ading in the oppofite 

diredion BC, be fubtraded, fo ftjall the remainder 
CB_ 

^ X "gQ X y t cof* 2 SCB be the diminution of the centri¬ 
petal force to the earth, arifing from the adlion of the fun. 

To exterminate k and CS from thefe expreflions, let the 
given quantity 0,0748, exprefling the mean periodic time of 
the moon, in parts of an year (as found by objervation) be de¬ 
noted by m ; then (by the proportion onp. 160,) as is to 1, 

fo is m to ^ t h e periodic time in the circular orbit ADK, 

that might be deicribed, independent of the perturbating forces, 
by means of a centripetal force fuflicient to caufe the moon' to 
revolve therein. But in circles the centripetal forces' are 

Y known 


CB 


161 
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known to be as the radii diredly, and the fquares of the perio¬ 
dic times inverfely; whence we have, as i (the force in the 
circle ADK) is to k, the mean force whereby the earth is retained 

in its orbit about the fun, fo is mefif to 7r : from which P r0 " 

hh 


portion : ^ n ^ ^* orces ^ x "q$ x t+t cof.2SCB, 

an d * xCB x t fin. 2 SCB, whereby the motion of the moon 
about the earth is difturbed, will therefore be truly defin¬ 


ed by 


3 m% *f < 
~zhiT ' 


CB 

CA 


x cof. 2SCB y, and £ 5 . x fin. 


2 SCB. 

If the fun and moon be fuppofed to move from the line CA 
at the fame time, fo that the angle ACS may be the fun’s ap¬ 
parent motion about the earth, whilft the moon in her orbit 
moves from A to B, it will be, as i: m:: z (= the angle ACB): 
mz __ the angle ACS, nearh ; which would be Aridity true, 
were the true motions of the lun and moon to be exadlly in the 
fame proportion with the mean motions. Hence SCB (=ACB 
—ACS) will be had = z — mz , nearly; and confequently 
2 $CB —pz (by making p=zi—m X2): and fo the forces 
found above, by fubftituting this value, and writing in the 


room of its equal will, by means thereof, be reduced to 
—x cot.pzAr and^x^x fin .j>z: which 


l—-ID J.UU - 

quantities, with contrary figns (becaufe they diminifh the centri¬ 
petal force to the earth, and the area deferibed, inftead of in¬ 
creasing them) being compared with the two general ex- 

preffions —-— X P* cof. y>2;-|-Q^_cof. <^s-}-R cof. rz &c. and 


-J— xP fin./z+QJn. qz -\-R fin rz &c. as given on p. 147, 

* In deriving this conclufion , regard is had to the moon's relative motion about 
the earth's center ; but if we confider the motion , as\f erf armed about the common 
center of gravity of the earth and moon , the refult will be exatlly the fame. 
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we {hall, in this cafe, have q = o, r — o 


= — °>°°84X tk’Q = 


'*! n — 


' hb 


(= | P'), P = — 2 ^ 1 x 0 (=F), Q=o, R—o &c. 


bh ’ 

fY 

bh 


' hb - 


&c. P' = - 

= — 0,0028 X^p 


But 


here, inftead of h , or its equal, I + -f- x &c. 

(given at p. 159,) it will be fufficient to make ufe of the firft 
term of the feries only (till a more exa<ft value, by means of the 
fubfequent calculations, can be known); becaufe all the quan¬ 
tities By Cy Dy &c. being fmall in comparifon of unity 3 the 
fquares of them, which are here neglected, will be ftill (mailer, 
and of lefs confequence. 

If, now, the cafe under conlidcration be compared with that 
laid down, and refolved, at p. 153, they will appear to be 
the fame; fo that we have nothing more to do here, than to 
compute, in numbers, the different values of the algebraic 
quantities there brought out. But one thing previous there¬ 
to mull be taken notice of, refpedling the principal (B cof. @z) 
of thofe values, on which the great elliptical equation, arifing 
from the eccentricity, depends; which cannot be known but 
from the obfervations of Aftronomers ; fince it is owing to the 
projedtile-velocity which the moon yfirfiy received, more than to 
the perturbating force of the fun, whofe effect we are about 
to calculate. But, though the term B x cof. fiz, cannot be deter¬ 
mined by theory alone, yet the value of its exponent j 3 , on 
which the motion of the apogee depends, may from hence be 
deduced. This value, in a former operation (fee page 148,) 
was found to be an unit (as the circumftance of the problem, 
when the apogee is at reft, abfolutely requires); the true value 
cannot, therefore, differ much from an unity which may be 
ufed inftead of & till a more exa& value, by means of a fecond 

operation, is known. Making, therefore, Q = 1; ^ = — 
0,0084; P^P; Q=o; Q==}P'=|P; ^=0,0748, p 
(— i—w x 2) = 1,8504 y=p> 2 —p—@y e=/>+/ 3 , &c. (as 
before determined) and fubftituting in the equations on p. 151, 
152, 153, we have 


Y 2 


P 


163 
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P (*£ + g) = ^^i-o,o84=-o,ooi 74 8 ; 

a(=t±fzzS^- 0 ’ 00285 

PBT(=r^ + —I — ^ x 77) = — °.°48B; 


PB2 


V _L + H i_I±x^) 

V - * 4-0 ' * ~ 2 /> 


— 0,0285 B; 
~r) = — 0,0404C; 
PDl(=-pj + T — 7 — 7 ^) = — o . 0 4 ' 4 D; 

PD=(=7T5- + » +7-r x ^ = - °>° 2 73 D » 


pc 2 (=^ + i + i~ 


«v ; 

PC 

p 




oR-f 40- + 3Ql_£a_—en x ^x 1) _ ™ = _ 

QBl(=—g + — 2 ' WX f *f> f 

0,0042 B (becaufe Q=o, and Q=fP); and in the very fame 
manner, QB2= —0,00426; QC1 0,0042c j QC2= 

0,0042 c-, QD1 = — 0,0042 D, QD2 = —0,0042 D, &c. 
&c * 

Whence 


* In thcfc calculations, all terms whofe divifors are found equal to no¬ 
thing, will themfelves be nothing, and not infinite, as might at firft be ima¬ 
gined : thus the term , by having its divifor p— 7 = 0, intirely va¬ 

nishes. The reafon whereof will appear evident, if it be confidered, that this 
termj co{ P—V‘ z ^ ar if e s by taking rhe fluent of — z X fin.p^y.z, or •—i X o: 

which is/mJnifeftly, equal to nothing. But an objection may, perhaps, be 
brought from hence, againft the truth and umverfality of the fluxionary 
calculus ; feeing thereby an expreffion is here derived, which, though adually 
equal to nothing, appears neverthelefs under the for m of an infinite quantity. 

CO Up—~y z , . 

To clear up this point, it muft be obferved, that ■■ ^ ■ is not the complete 

fluent of —z x fin. but the variable part of it only; the corr tiled flu¬ 
ent being j- , or—-— x —i-f cof.p^Tz. But, whatever 

p—y 1 p—y p—y _ 

value P —7 is fuppofed to have, the cofine of p —y.z will, it is known, be ex- 

r prefled 
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Whence it is evide nt, t hat 

B'(= QBr +QBl + PDT See.) = —0,00848—0,04140, 

C (—? + QCi + Q C2 See .) =—0,01748—0,0084c, 

D' (= PIT +Qn7 4 - QD 2 &c.) =—0.048 B—o,oo84D, 

E' (=PB2 &cj = —0,02858, 

F' (= FCz See.) = —0,0404c, 

G' (=TD2 See.) = —o,o 273 D ' _ _ 

ButB'being= — 1—/ 3 / 3 .B, C'= 1 yy. C, D= 1 JS.D, 

See. the fecond and th ird of th efe equations, will by fubfti- 
tution, be changed to 1—yy.C=o,01748+0,0084c, and 
,_JJ. D = 0,048 B +0,00840; whence C is given = 

==—0,007186; andD = 


0,01748 


0,01748 


^—0,0084 1—1,85041*—0,0084 

_ _ 0, ° 4 8 —-- = o, 178 B: which values being fub- 

— ,_'0,8504 \ l —0,0084 

ftituted in the other equations,they will become B'= —0,0158B, 
E' —0,02856, F = 0,0003, G' = — 0,005 B; whence 

E(=-7Z=f)=-°> 004B > f (=-^ = 

0,000023, G (— — ) = — 0,0008 Bi and confe- 

quently 1—w = (ex 1—Bcof.gz—Ccol.72—Dcof. 2z &c.) 

— e into 1 —Bcof . 1634-0,007186cof./> 3 —o, 178 Bcof./^j 3 .* 

4 -O,OO 4 Bcof : /) 4 - 0 ^- 0 , 000023 Cof. 2 /> 34 '' 0 > 000 8 Bcof. 2 />- @‘ Z 

&c. expreflmg the reciprocal of the moon’s diftance from the 
earth. 

As to the quantity B, which enters into the greater part of 
the terms of the feries here found, it cannot, as has been al- 


preffedbyi-£3-i q. &c. So that, the fluent in queftion will be 

“ ‘ J^pl*** 


truly reprefented by ~—x— ^ — 4" \ 2 ^ ^ ^ c * or * ts 

*Z2±1 4. EEIl* & c . w \iich entirely vanifhes, as it ought to do, when 
1.2 1 1.2. 3. 4 

^ 7=0 ’ ready 
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ready intimated, be otherwife determined than from the ob- 
fervations of Aftronomers: nor will the equation above exprefling 
the relation of B' and B, afford us the leaft help therein: For, 
by fubftituting—0,01586 inftead of its equal B', that equation 
will become —0,0158 B = — 7 ^ 2 / 3 . B,. or 1—/ 30 =o,o 158 ; 
where, B intirely vanifhing, nothing in relation to it can, 
therefore, be determined. We have here, indeed, an equa¬ 
tion for finding the value of which from thence is given 

= K / 1 _0,0158=0,99206; by means whereof the motion of the 

apogee will be known: for it will appear, by cor. 1 and 3 toprob.Yl.) 
that 1— Bcof./32i is the equation correfponding to a 

moveable ellipfe, turning about the focus, or center of force, 
with an angular celerity which is to thatof the body in the ellipfe, 
every-where in the conftant proportion of 1 —£ to £ : whence 
it follows, that the mean motion of the apogee , ought to be in 
proportion to the mean motion of the moon, as 0,00794 to 
unity: which differs from the real proportion (of 0,008455 to 
1) as given from obfervation , by about ,V part of the whole 
value : nor ought this to feem ftrange, as a number of (fmall) 
terms yet remain to be introduced into the value of 1 w y 
by the correlations pointed out on p. 156 and 157: befides which, 
the difference arifing in the co-efficients of the terms already 
found, by fubftituting this, new, value for & will amount to 
fomething confiderable, from whence, alone, near half the 
error would be taken away. But, to avoid the trouble of 
repeating the fame operation, again and again, with the new 
values of / 3 , thus found, I fliall here, at once, take j 3 equal 
to the true value (0,991545) as given from obfervation ; but 

If the eccentricity £, be fuppofed to vanijh, I —w will then become = *X 
14-0,007186 cofpz —0,0 00023fg/~. 2pz &c~ which y whenpzzzo , or the moon is 
thefyzigy , will be =*X 1+0,007186— 0,000023 == 1,007163X*; but when 
~p7 .—qd degrees , or the moon is in the quadrature , it will then be — ex 
f— 0,007186—0,000023=0,992791 X*. Therefor©, when the orbit i S< with¬ 
out excentricity, the diftance of the moon from the earth , in the fyzigy is in pro¬ 
portion to the di/lance in the quadrature , * Xy00 ^~; t0 0,99279x7’ ° r 05 
0,992791 to 1,007163, that is, as 69 to 70, very near ; the fame as is found by 
Sir lfaac Newton in his Princip. B. III. prop . 28. 

(hall. 
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/hall, at the fame time, put down the feveral terms arifing in 
the equation for the value of 0; by means whereof it will ap¬ 
pear, in cafe both fides are found to be equal, that the va¬ 
lue of the root j3 has been rightly affumed; and that the mo¬ 
tion of the moon’s apogee (which has been the fubjedt of fo 
much fpeculation and controverfy) is intirely confident with 
the general laws of gravitation. __ _ 

Now, of the quantities above determined, PBi and PD j are 
thofe that are the mod affedted by altering the value of / 3 : 
thefe being, therefore, computed a-new (making /3 equal to 
o>99 J 545> inftead °i unity) the former will here come out 
=1 —0,04747 B, and the latter = — 0,04168 D: from 
whence, by proceeding as before, we have 0=0,1869 B, 
and 1—/ 3 / 3 (= — =0,01619. As to the values of E, F, 

G. &c. they are fo fmall, in themfelves, and fo little affedted 
by Q that to compute them a-new, would be quite unnecef- 
faVy/ the difference not producing an error of a fingl efecond, 
in the place of the moon. 

To apply, now, the obfervations laid down at page 156, 
in order to obtain from thence a farther corredtion of the value 

r 1 Bcof.02:4-0,007186cof pz —o, 1869600^— 0 .^ 

( e X i 4-o,oo4Bconp4-j3Lz-o,oooo23 cof. 2pz +0,0008 Bcof.2^-^.2) 
above found, the feveral power s of t he feries B cof. Qz — 
0,007186 cof. pz+o, 1869 B cof./)—/ 3 .z&c. (before omitted) 
mud be now taken, or fuch terms thereof, at lead, as are of 
confequence enough to merit regard. Thus, in the fquare, or 
fecond power, the terms which appear confiderable enough to 
merit an examination, at lead, will be thofe arifing from the 
fquares and the double redtangles of the three fird terms of the 
root, which are vadly larger than the others._Thefe will be 

B* + 1 B* cof- 2/3 z — ,00 7186 B cof. f — p.z — ,007186 
co{.pJ£z+ 0,1869 B‘ cof./>— 2 / 3 .Z + 0,1869 B' CO+ 
,000025 4” >000025 co ^ ne 2 f z — > OOI 35 B coli ne ( 3 z 
,00135 B cof. 4 ->0175 Bl +> 01 75 2/>—2/3.*. 

But, in the value of i-^T 3 , thefe terms are affeded with the 

common multiplicator -£• (vide p* 154)} and, in the value of 
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'i~wT\ by the common multiplicator 77** fo that, in order to 

find the effetf: of the firfi: of them (|B 2 ) from th e formula at 

6 . _ 10 . , M 

p. 156, we muft compare { B" x 7? and {• B l X 77 > with g3 X 


cof. aZ) and 7^ x cof. otz, refpeftively; whence M=3B% 

N:== i;B\ and oc—o : and confequently, 

P — ! MF CO C.p — a.z 

Tf - 


I— p — a\ 


P N . MP' . aM CO (.p+a.z „ T)% r . 

—f X 7+1 + TP- + — X &c -=> 02 9 B cof - /*• 5 

In the fame manner, with refpeCt to the fecond term, 4 B 
cof. 2 f3z> we have M—36% N=5B 2 (as before), and 2#; 
from whence the correction, anfwering thereto (exc liifive o f the 
general faCtor e) will come out, 0,3178 B cof./>— 2&.z 

,0023 B 2 co t.p-\-2$.z 0028 cof 2 fiz. _ 

Again, in relation to —,0071866 cof p —0.2?, we have 
— —,43 iB, N==—,07i8B, and a=p —from which 

will be found ,0007356 x —,000073 B cof 2p — (3.z 

4-,opo464Bcof^-"jQ.2;; where the firfi: term is of that fpecies 
on which the motion of the apogee depends, and where the/- 

cond is too fmall to be farther regarded. _ 

In like fort, from —,007186 B cof p-\-@.z, we fhall get 


_,000606x777—, befides two other terms; which, on ac¬ 
count of their extreme fmallnefs, may be intirely negledted. 

By proceeding on, in this manner, two, or three fmall 
terms', more, (producing equations of a few feconds, each) 
will be found; which being joined to thofe above, we fha ll from 
thence have, + ,03 co ^ P z ” 1 “ > 000 55 ® cof.p fi.z -j - 
o,202$B 1 co{p^-2(3.z-{- i oo72B'-co{.2Pz-\- i oo7oB z co{.2p — 20 .z 
-{-,00016 Bx LOl, - f" ; which, drawn into the general multiplica- 

tor e , will give the whole increafe of 1— w, by taking in the 
fouare of the feries aforefaid. As to the increafe arifing from 

the 
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the cube thereof, few of the terms will be found confiderable 
enough to deferve notice, the onl y ones of any co nfequ ence t o 
be colledted from thence, being —,0000464- 0,76 * x co ip—£.z 
—o, i iB ? xcofine p —3.0.2 —,08 B J x cof. 2 p —3/3.2; 

—,0558’ x But, from the biquadrate , we fhall only have 

one term (i,iB + cof./>—2/3 .z) that can produce an equation oi 
more than a fecond , or two; though the effedt of this one term 
will, alone, amount to near a minute ; which is owing to the 
fmallnefs of the exponent p — 2 / 3 , confonant to what has been 
before inculcated (at page 157). And it may be worth while 
to take farther notice here, that all the terms hitherto deter¬ 
mined, except two or three, belong to one, or the other of 
the two kinds there fpecified. 

If, now, the feveral quantities above brought out, be colledted 
into one fum, we f hall have 0,036'c of. pz -\-> 0005 iB —o^B* 

x cofine p — / 3 .z + 0,30286* + i,iB* X cofine p — 2 / 3 .2_ 

-j-,ob 72 B*cof. 2 , 32 ;-l-,oo 7 oB*cof. 2 />—2/3.2—0,1 iB ? cof/>—3/3.2 

__,o8B ! cof.2 p —3/3.2-(-,oooi 6B—,055B'x^4-; of all which 

terms, o,3028B s 4 " I >iB + x cof./>—2/3.2 is by far the greateft, 
and fo confiderable as to produce other terms, or corredti- 
ons, of confequence enough to be regarded here. The new 
terms arifing from the entering of this term into the firft 
power of the feries, for the val ue of 1— w, will appe ar to b e 

_,oo32B*cof.2 @z —,oo47B l cof.2/>—2/3.2-{->oo26 B*cof/>—2/3.2 

(which are found as above, by making M=3X —0,30286% 
N=r4 X —0,3028 B% 2 / 3 , and negiedting 1,1 B 4 ) : 

And by the entering thereof into the fquare ot that fe¬ 
ries, from the double redtangle unde r it an d the firft term, 
there will be had B’ cof. 2p —3/3.2 — 

,oi9B ? cof./>—3^2+,03B ; which, together with the 

quantities before found, being joined to the former value of 
1 —-a 1 , we have at length 
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! i-Bcof.£z 4 - ,007186-p,c>3B 2 xcof./>z- o, 1864B-|-o,7B 3 xcof./>—£•* 
+,oo 4 Bcoto^fo,3054B l + 1 * 1 B^cof./>- 2 g.z -,oooo 2 3 cof. ip% 

4-,coo8B cof. >o° 4B & cof. 2j3z+,oo2 3 B* cof. zp-zfi.x __ 

~ [-{-0,1 3 B? cof /— 

In which equation the terms of the fpecies, cof.£z, are not put 
down; becaufe the original term—B cof. /$*, which is equivalent 
to them, is frill retained. . . 

Thofe terms, however, though of no ufe in this equation, 
are not to be intirely difregarded; fince on them the motion of 
the apogee depends. By collecting them, and the former value 

0 f—B, into one fum, we get the equation —B= 


. , oooi6B—,Q55B 3 1 , ;° 3 B 3 -,01603^4^02 5 — ; from whence, 

“T t—ap * i —&& 1— 

whenB isafligned, the value of /S will be found, but p.ill fome- 

thing fhort of the true value, as given from obfervation. 

But it ought to be now remembered, that all the equations 
hitherto brought out, are derived on the hypothecs, that the 
true motion of the fun is to that of the moon, m a conftant pro¬ 
portion: which is near the truth, only; fince the diftance of 
the fun from the moon, whereon the perturbating forces de¬ 
pend, is fometimes greater, or lefs by two degrees, than ac¬ 
cording to that hypothefis: which difference mull, of confe- 
quence, render other corredions neceffary. How thefe may be 
introduced I (hall here inftance, by hrft confidenng the moti¬ 
on of the earth about the fun, as uniformly performed in a cir¬ 
cular orbit; leaving, to be determined by a future operation, 
the other equations arifing from the eccentricity and parallax, 
which will be obtained in the fame manner. 

It is found at page 159, that the moon’s mean motion , an- 
fwering to the true motion z, is rightly reprefented by s + 
(B)xfin.ffz , (C)xfin.yz , (Pj xfin. jJg ^ f rom whence the mean , 
b$ * h ' . t . , 

or true motion of the fun (for, in a circular orbit, they are the 


fame) will be had = mx z-\- 

z=zmz^m^y fuppofingz'=5 


(B) x fm.gz (C)xfin.yz ^ 


bA 

(B) xfin.gz 


hA 


hy 

(C) Xfin.yz 
by 


&c. Hence 


the 
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s”^s?3SSi 

pz —2 mz: of which the f exceeding fmall, the fine 

fin. 2tnz-, but *earch*^3, and the co- 
thereof will be nearly eq ^ of ^y. and confe- 

S »’*= *««« , f K*£ 

- ---~ m W) 

&c . = fi „.pz + =gJ X fin. /-#*“ fin.f^. Z + * 

xfiTFT^-fin m 2 & c ' f Aereof wW be had (= 

= «*/• + 'S 1 * o°' /-ft — “ £ H** + 

2 li£l X cof.?—— cof./>+y -2 &c - . 

Which two quantities being mnWplkd ^ ^ ^ 

XcT 

hypothefis) are”jm X 

__===- Sr-" . cof.>—/ 3 . 2 ! Cof./+&* 

x fin./—7- z — p-\-y-zicc. and w P 


JU x cof. /—y.z—/+*- ^ 

h ■ •„ bv a comparifon with fa formula on/. 

N Tb t the’effitwo firft, correfpondingKrms here 

157, that the ettett or m P (B) a . , x ?!•” 

exhibited, making be * *_L *— 

---—r^r v wPB ( B I x + 

, ♦ Li_i- — -r* * "EFT * 


T-rm 

33 "T - * a 


4_L. JL -4- - 

tJ-S ‘ 1 ‘ 


-hr *"W 

331 mPB(B) coj^± 


hPB(B) coJ 5+2± & c . which, be- 
^ b>**f 1— 


' + ! ‘ ‘ i —- —,0084, andtesl/ will be equal to 

caufe ^=,0740, t4 r— > ^, 

Z 2 



172 


^The Reflation of fome General Problems 


,00063 (B) 
& 


int0 ~ + I X 


CO f. 7TZ 
1 - 7 T 7 T 


—i— J_ a £1_1 

7T —(3 ” 2 2* 


/S» 


Bcof. 71 -'.Z . 

X —==sr* + 


I- 71 - , 3 j 7 ' 




+ i + T' 


4 

71 - 7 


Bcof. ^--f-^.z 

I- 


j i 7 1 — yy _ Ccof.Tr—y.z , _ 

2 *■ x j_^F + &c * = —>0081 (B) 


X cofine/—, 0 .z +,oi8yB (B) x cof.p —2 13.z + ,0011 B(B) 
xco C.pz&cc. where all the terms, after the two firft, may, on 
account of their extreme fmallnefs, be intirely negleCted. 

In the very fame manner, expounding ?r by y>4-/3, p— y 
P~\~Y ( ==2 / > )> P ^ (=/ 3 ),^and p- j-^ (=2 p —/ 3 ,) fliccef- 
fively, and fubftituting -f- ’ 2 2 . o6 f 
,00063(D) 


,00063( 6) ,0006 3 (C) " f ,00063(C) 


,00063(D) 

' J > 


and 


relpeCtively, in the room of 


/3 3 there will, in the frji cafe , be found the term 

—,00015 (B) x co£p-\-[ 4 jz-, being the only one producing an 
equation of more than a fingle fecond; in the fecond and third 
cafes, no term af all, worth notice, will be found: but, in the 
fourth (where v=t 3 ) two pretty confiderable ones ,00222 (D) x 

1 —gg* anc * °>° 2 33 D(D)xcof. p —2/3. z y do arile3 whereof 

the former is of that fpecies on which the motion of the apogee 
depends, and gives, an increafe of that motion, of about 1 part 
By purfuing the fame method, the effedt of the fecond”order 

nffprme (BB) X fill. 20Z (BC) X fin. 7-0-Z „ , 

ot terms, - - -, --& c * ma y a ^o be comput¬ 

ed; but here it will be fufficient to make ufe of the firft term 
of the general formula alone: from w hence are obtained the 
quanti ties 4 ~ >o °45 (BB) X cof. p —2/3 .z, and -— ,0059 .(DD) 
Xcof./>— 2/3.2 j which are both of that kind, fpecified at p. 
157, rendered confiderable by the fmallnefs of their expo¬ 
nents, and are the only ones here, that merit regard. Thefe being 
therefore, joined to thofe fou nd abo ve, the whole correction fought 
will be, — o,0081(B) x cof.—o,cooi5(B)xcof/-f-/3.2: 
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4. o,018713(B) —o,233U(D) +0,0045 (BBJ —0,0059 ( DD 0 
xcof./>—2 $.z. But(B)being =2B, (D) =2D(BB)= ’B , 
and (DD)-±D% nearly, vid. p. 159 (B, C, D, &c. being 
neglefted, as too inconfiderable to be regarded here) our exprefl i- 
on may therefore be c hanged to —0,0162 B cof. /> fi -z 
—0,0003 Bcof. pAc 0.s+o,o441 B“ — 0,05 54D l xcof./>— 2&.z 
which being added to the value of 1 —w, before found, we 
thence have ___ _ 

Bcof.gg-po ,Q07» 86 +0,0?R*xcof./>g—Q.2Q26B -j-cyb * xcof .p-Jte 
+o,oo37Bcor./.-f-/3.2+o,03495B 1 -o I 0554D*+1,1 B + xcof./>- 2 j 3 .z 
— ,000023 co ^ 2 P Z "b 5°°°8 B co ^ 2/>— jS-z + ,004 b 1 cof. 2|3 z + 
,0023 B'cof. «= 3 .*+o, 1 3B 1 cof. P-30.Z 

„ , 0,00222 (D )XCOi.j 3 z 

And, by writing the coefficient of the term —-yugg » 

in the equation for the motion of the apogee , it will here be- 
„ o,oi6o3B+o,025B 3 0,002 22 (D) _ 

come — B—- i—&T ~~ i—& 


gf. ,693 ^'^l; becaufe (D) =2D=zx o,2026B+o,7B': 

whence i— W = o,oi693+ooo28B’=o,oi70i5 (fuppofing 
0,05505) j and confequently 1—$=0,00854; which 
value is, now, about part greater than the true value, giv¬ 
en from obfervation , and is near enough to Ihew, that the 
force of the fun is fufficient to produce all the motion of the 
moon’s apogee , without fuppofing a change in the general law 
of gravitation, from the inverfe ratio of the lquares of the di- 
ftances. Several very fmall terms belonging to this^ equation , 
have been omitted, befides thofe arifing from the funs excentri- 
city , and the inclination of the lunar orbit ; which together, 
may very well be fuppofed, fufficient to caufe a difference equal 
to that abovementioned. 

If, now, the value of, B expreffing the mean excentnaty , 
in Sir Ifaac Newtons lunar theory, be expounded by 0,05505, 
according to that author , the general equation of the orbit, 
found above, will here become 


1 — 
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! i —0,05505cof. ^z-h° > oo7276cor. pz — 0,01127 cof. p— 0 <z 
-f 0 , 000204 Cof ./> + g .Z-f-Q,QQlo 623 Cof.#- 2 g.Z-0>000022 Cof. 

4 " 0,000044 c °f. 2/>—( 3 .Z-| «0,0000 1 2 Cof. 2 ^Z-[- 0 , 00000 7Cof. 2p—2t\Z 
-f-0,000021 cof. p —3J?.Z 

But this value mutt now be corrected by the difference arifing 
from our having, in all the precedin g calculations, taken the d i- 

vifor hb= i, inftead of the true value 1 +|xBB-|-CC4-DD&cJ l 
(vid. p. 159.) which value, becaufe 6=0,05505, C — — 
0,007276 6cc. is given =1,0097. From whence and the equa¬ 
tions, on p. 153 and 163, it appears, that all the terms above 
exhibited, in whofe exponents the quantity p is, fmgly\ concerned, 
ought to be diminifhed in the ratio of 1 to 1,0097 5 an ^ that 
all thopy where 2 p is in like manner concerned, ought to be di¬ 
minifhed, in the duplicate of that ratio: by which means our 
equation is, at length, reduced to 

f 1—0,05505 cof £z-{-o,oo72c6cof.^z—0,01116 co f . p —£.z 

I-aw — ex < 4 "°»° 002 < 52 Cof^ 4 -^.z 4 - 0 , 00 IO 52 C«f. p - 2 . 3 .Z- 0,00002 2 CO f. 2 p % 

I 4 - 0 >OOOO 43 co ^ 2 />-p.z 4 - 0 > 0000 I 2 Cof. 2 gz 4 - 0 , 000 Q 07 Col'. 2p—2@'Z 
l -{-0,000021 cof/>—3i3.z. 

From whence all the great equations of the moon’s motion, 
and all the fmaller ones, except thofe depending on the fun's 
excentricity &c. are obtained, within lefs than half a minute 
of the truth ; fuppofing the mean excentricity (B) to be here 
truly aifigned. If it fhould be found neceffary to augment, or 
diminifh the value thereof, then the term —0,011 ibcof.p^Q.z 
(producing the equation called the eveBion) muft be alfo aug¬ 
mented or di minifhed , in the fame ratio; and the term 
-f-0,001052 cof. p —20.2 (which is the next confiderable of thofe 
wherein 0 enters) muft be augmented or diminifhed in the 
duplicate of that ratio. As to the reft of the terms, they are 
fo fmall, that a little alteration in the value of B will produce 
no difference in them worth notice. 

In the fame manner, the inequalities caufed in the moon’s 
motion by the fun’s excentricity, may be computed. For the 
mean motion of the moon being given, very nearly, by the pre¬ 
ceding calculations, the mean motion of the fun, being in pro¬ 
portion thereto as m to i, will be alfo known; from whence, 
and the excentricity , the fun’s true anomaly , and diftance from 

the 
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the earth will be had, in a feries of fines and co-fines of the 
multiples of the arch z; whofe exponents and coefficients are all 
intirely known: by means of which, the fun’s true dijlance from 
the moon being (nearly) obtained, the new terms arifing from 
the eccentricity, in the general expreffions for the perturbating 
forces, will be had, in confequence thereof j and, laftly, the effete 
themfelves, produced thereby in the general equation of the orbit. 

When the equation of the orbit, or the value of i — w (the 
reciprocal of the moon’s diftance from the earth) is thus deter¬ 
mined to a fufficient degree of exadnefs (by repeating the ope¬ 
ration if neceflary), the difference between the true , and mean 
motions of the moon, muff, from thence, be found, in terms 
of the latter: this may be done by firft finding the mean mo¬ 
tion in terms of the true (as is {hewn at p. 159) and then 
reverting the feries; or, otherwife, without finding the mean 
motion at all, by die refolution of the fluxionary equation 




^ j according to the method made ufe of 

of in a former paper , in this cohesion. The procefs (which 
is more laborious than difficult) I {hall not infert here, as my 
defign, in this mifcellaneous work , is not to exhibit every opera¬ 
tion neceflary to the forming of a complete dieory of the moon s 
motion; which, for its importance, and the great variety and 
intricacy of calculations arifing therein, may very well merit 
to be the fubjeft cf a volume , by itfelfl 

It may fuffice, in this place, to have pointed out (by a me¬ 
thod not very perplexed) how the different inequalities oi that 
modon may be determined, and the moon’s true place, accord - 
ins: to gravity , afeertained. At another time, if health permits, 
I Ly, not only give, at large, the application of the equations 
and precepts here delivered, but alfo a new fet of lunar taj es, 
deduced dierefrom; which (though a work of much labour) 
I (hall the more chearfully undertake, as Dr. Bradley has 
very obligingly offered to aflift me with any obfervauons, 
that may be wanting in order to the compleating o, the 
defign, and eftabliffiing the theory on a proper^. And 
1 have feme reafon to hope, that, when that part of the date 7, 
which can be only known from obfervations, is truly fettled, 
2 
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the place of the moon may be always obtained, within about a 
minute of the truth, even, without the ufe of a multitude of ta¬ 
bles, . by means of proper contrivances, refpeding the fmaller 
equations, or the lefs confiderable terms of the general feries. 

I lhall conclude what I have to fay on this fubjed, at prefent, 
with obviating a difficulty in the application of the equations 
abovementioned, when the effed in the moon’s motion, de¬ 
pending on the fun s eccentricity and parallax are computed 
thereby. _ In this cafe, a new fpecies of (very fmall) terms, af- 
feded with the co-line of the arch z , will be found to enter 
into the general equation (on page 151) whereof the effed can¬ 
not be determined in the fame manner with that of the other 
terms, affeded with the co-fines of the multiples of that arch: 
For if, according to the method of proceeding there laid down* 
we affiu me a term (as 1—7T7r.IIcof. nrz) in the upper line, 
1 0 / 3 . B cof. fiz -\-1 — yy. C cof. yz-\- 1— HH. D cof. Hz See. in or¬ 

der to compare it with a term, gcof. x, of the aforefaid fpecies, 

we 

* To determine the perturbating forces, fo as to take in the effea of the 
fun’s eccentricity znd'parallax ; let az= CS, *=CB, andy—CF; then BS be- 

_ Cga ^ Qg 

ing =z^/aa —2 ay+xx, the forced x ===j7— in the dire&ion CB (vid. p. 


160) will 


kx 2 y~xx\~~ 1 kx ly 

be=- X .- r + -l = -X.+ f-&o 


CS 3 

and that (fo ggj 


— k ) in the direction BH, equal to *x 1— — + — * - 


3 y %xx 15 yy 

^ + whIch > hecaufe>=^xcof.BCS, will be reduced to 


+ f Xc ° r - BCS &c. and *xf xcof. BCS +~x 9 + i 5 cof.2BCS&c. 

refpedively. But the laft of thefe forces may, again, be refolved into two o- 
thers; the one in the dire&ion BC, ex prefled by k cof. BCS X 

“ X Cof * BCS + ^ x 9+ x 5 cof. 2 BCS, (=~xi + cof. 2 BCS -f 

x 11 cof. BCS-f-5 cof. 3BCS) j and the other, in a direction perpendicular 


thereto, exprefled by ifi„.BCSx f Xcof.BCS+^ X 7 + 15cof . 2 bCs 

(= 
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we fhall then h ave tt — i, and confequently i— ttv—o; and 
fo, the whole (T^r.IIcof its) intirely vanishing, we have 
nothing left to compare with the term propofed (g cof. z) where¬ 
by its effedt can be known. Neverthelefs, it is by means of a 
term (ncof irz) of the fame fpecies, entering into the feries for 
the value of i—w, that the effedt in queftion muft be exhibit¬ 
ed: for, though indeed the term n cof. ttz (or ncof. z), by re¬ 
ceiving the co-efficient i —tttt (=o) intirely vanifhes, in the 
frft line of the general equation, yet, that will not he the cafe 
in the other parts of the equation; wherein it will be found, 
affected in the fame manner with the term Bcof fiz (whereof the 
determination hath been given, in computing the motion of the 
apogee) ; which muft neceftarily appear to be the cafe, if it be 
conlidered, that the terms n cof nrz and B cof $z are alike 
concerned in the original feries i — n cof nz —B cof C cof 
z from whence the equation itfelfis derived. Hence we 
not only have a proper term to compare with the given one 
(£ cof z), but alfo an eafy way to difeover what the refult will 


(= £ x fin. 2BCS -f x fin. BCS -f 5 fin. 3BCS). From the former 
of which, let the force ^xi+fx cof. BCS. in the oppofte diredion be 


/■jc __ 

fubtrafted, and the remainder, ~ x i + 3cof.aBCS + 'g^' * 

r-rgr BCS4-Scoi. 3BL.S, will be the force whereby the gravity of the moon 
tn the earth, is diminifhed. But the quantity k (which muft be exterminated) 
is, at the mean diftance ( d ) of the fun and earthy found^to bc^ equal to d x 

(vtd.p. 162 ); whence, a'-.d'-.-. dx m X S*CA = th ® 

General value off; which being fubftituted inttead thereof, the force in the di- 
region of the r adius veflor will become 

xgj X 1+3 cof.2BCS + — X i cof. BCS + ^ C0R3BCS i and 
that in the perpendicul ar dirtP.ion , _ ... ■ - - 

= F * OT x 3 fin - aBCS + IT* •* fin - BCS + ^ f,n - 3 Bcs: 

Where 1^=0,005595, and hb= 1,0097, nearly [vid. p. 174);, and where 
no regard need be had to the value of *♦/, as this quantity, when fubttitution is 
made in the general formula («* p. 157O intirely vamfiies. 

A a bei 


3 ixx , 
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be; for feeing that n co i.vz and B cof. Rz have there the fame 
coefficients, and that the fum of thofe belonging to Bcof Rz 
has been alr eady fo und, in computing the motion of the apogee, 
to be_— — i —RR, it follows, that —,—RR. n cof. ttz (or 
— i—RRncotz) will exprefs the valuecfall the terms of this 
fpecies, anfing in the equation from the introdudion of ncoffz 
into the original, or aflumed feries : whence, by compar¬ 
ing this q uantity with the given one, gcofz (that is, by 
making —i— RR.n cof. z + g cof. z — 0 ) we get n — 

^d confequently n cof. z= T f^ xcof. z; whereby the 
required cffed of the quantity g cof. z, is known. 

/Tis true, indeed, that the new term n cof.’z, thus deter- 
“ d ’ will introduce an infinity of others; but, of thefe, none 
will be conliderable enough to merit the leafl degree of atten- 
tion, except (perhaps) fuch as are expreffed by the co-fine of 
i—/ 3 .z; which, becaufe of the fmallnefs of i—R, may, for 
reafons before fpecified, produce an effed not to be ne4eded 
without a proper examination. To give here the quantity of 
this effect, it wil l be n ecelfary to obferve, that, of all the terms 
in the values of I—toI~ 3 and 7—^-4, that which arifes fcy the 

multiplication of ^ x cofiz into zDxCof. <Sz, and comes from 


the part fe- xncol. z+B cof. £z-f-C cof. yz-f-D cof. 

will fo much exceed in its effed, the others wherein n is con¬ 
cerned, as to render them, in a manner, inconfiderable. But this 

term— cof. zxaDcof.Jz (or ~ cof. z x 2 cof/=£.z) i s 

refolved into ^xcof j=R+T. z> a n d ~ xcof.p^ , z . 

whereof the former part only, in which the difference of Q and 
i is concerned, is for our purpofe: from whence fas apoears 
by the obfervations_at p. 156) a new term exprelTed by ?? 

— v IonD v c ° r -g—t g/ ionD _ 7 

e Y ' x 1—/s—j/ 11 v* or e \j x iHjf xcof./?— \.z , nearly) will 

fofnd" th foe re r ired VaiUe 0f 1 ~ W - ° f Ae two terms here 
found, the former gives a very fmall equation depend- 

ing 
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ing on the moon’s diftancc from the fun’s apogee', and 
the latter, an equation fomething more confiderable, whole ar¬ 
gument is the diftance of the moon’s apogee from that of the fun. 

By having fhewn above, that the effeft of fuch terms, or 
forces, as are proportional t© the co-fine of the arch 2, is expli¬ 
cable by means of the co-fines of that arch, and of its multiples, 
(nolefs than the effe&s of the other terms that are proportio¬ 
nal to the co-fines of the multiples thereof) a very important point 
is determined: For, fince it appears thereby, that no terms enter 
into the equation of the orbit but what by a regular increafe and 
decreafe, do after a certain time return again to their former 
values, it is evident from thence, that the mean motion, and 
the greatefl quantities of the feveral equations, undergo no 
change from gravity. 


THE END. 


errata. 

Page 5 line 18, for R read R'j 1. 21, for R' r. R; p. 3c. !• 9> for ha^-bh r* 
ba+b\ 1. 13, fort r. hj p.39.1. 14, put the comma before <rO& ; p. 58. 1. 

21, for PSO r. PSC; p. 59. 1 .15, for — r. —; 1 . 22, for F r. N; p. 114, 

2 a a * * t » 

1 . 32. r. powers of; p. 127, 1 . 9, for AGO r. AOG ; p. 128.1. 30, for BL. 
BR; p. 131. 1 . 23, for BCr. «C; p. 138. 1 . 15, forEef r. E*; p. 143, j. 

15 dele to ; p. 152, 1. 2, for ££, r. yy ; p. 160. 1. 27, for ~ r. ~. 

T S J 

in ng. 18 , at the interfe&ion of the circumference of the circle and the right- 
line F my place an e. 
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VII. The Doctrine and Application of Fluxions, containing 
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provements in the Theory, and the Solution of a Variety of new and 
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ticks; 2 Vols. Odavo, 1750. 

VIII. Trigonometry Plain and Spherical, with the Conftruc- 
tion and Application of Logarithms, Odavo, 1749. 
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Odavo. 































